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RICCI CURVATURE AND CONVERGENCE OF
LIPSCHITZ FUNCTIONS
Shouhei Honda
Abstract
We give a definition of convergence of differential of Lipschitz functions with
respect to measured Gromov-Hausdorff topology. As their applications, we give
a characterization of harmonic functions with polynomial growth on asymptotic
cones of manifolds with nonnegative Ricci curvature and Euclidean volume growth,
and distributional Laplacian comparison theorem on limit spaces of Riemannian
manifolds.
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1 Introduction
Let {(Mi, mi)} be a sequence of pointed n-dimensional complete Riemannian manifolds
(n ≥ 2) with RicMi ≥ −(n − 1) and (Y, y, υ) a pointed proper metric space (i.e. ev-
ery bounded subset of Y is relatively compact) with Radon measure υ on Y satisfying
(Mi, mi, vol) converges to (Y, y, υ) in the sense of measured Gromov-Hasdorff topology.
Here vol is the renormalized Riemannian volume of (Mi, mi): vol = vol/volB1(mi). We
fix R > 0, a sequence of Lipschitz functions fi on BR(mi) = {w ∈ Mi;w,mi < R} and
a Lipschitz function f∞ on BR(y) satisfying supi Lipfi < ∞. Here w,mi is the distance
between w and mi, Lipfi is the Lipschitz constant of fi. Then we say that fi converges to
f∞ if fi(xi)→ f∞(x∞) for every xi ∈ BR(mi) and x∞ ∈ BR(y) satisfying that xi converges
to x∞. See section 2 for these precise definitions. Assume {fi} converges to f∞ below.
The purpose of this paper is to give a definition: differential dfi of fi converges to
differential df∞ of f∞ in this setting. To give the definition below, we shall recall cele-
brated works for limit spaces of Riemannian manifolds by Cheeger-Colding. By [5] and
[9], we can construct the cotangent bundle T ∗Y of Y , a fiber T ∗wY is a finite dimensional
real vector space with canonical inner product 〈·, ·〉(w) for a.e. w ∈ Y . Moreover, every
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Lipschitz function g on BR(y) have canonical differential section: dg(w) ∈ T ∗wY for a.e.
w ∈ BR(y). See section 4 in [5] and section 6 in [9] for the details.
We shall give a definition of convergence of differential of Lipschitz functions (see
Definition 4.18):
Definition 1.1 (Convergence of differential of Lipschitz functions). We say that dfi
converges to df∞ on BR(y) if for every  > 0, x∞ ∈ BR(y) z∞ ∈ Y , xi ∈ BR(mi) and
zi ∈Mi satisfying that xi converges to x∞ and that zi converges to z∞, there exists r > 0
such that
lim sup
i→∞
∣∣∣∣ 1volBt(xi)
∫
Bt(xi)
〈drzi, dfi〉dvol−
1
υ(Bt(x∞))
∫
Bt(x∞)
〈drz∞ , df∞〉dυ
∣∣∣∣ < 
and
lim sup
i→∞
1
volBt(xi)
∫
Bt(xi)
|dfi|2dvol ≤ 1
υ(Bt(x∞))
∫
Bt(x∞)
|df∞|2dυ + 
for every 0 < t < r.
If dfi converges to df∞ on BR(y), then we denote it by (fi, dfi)→ (f∞, df∞) on BR(y).
Assume (fi, dfi)→ (f∞, df∞) and (gi, dgi)→ (g∞, dg∞) on BR(y) below.
In the paper, we will study several properties of the convergence and give their appli-
cations. For example, we will give the following in section 4:
Theorem 1.2. We have
lim
i→∞
∫
BR(mi)
Fi(〈dfi, dgi〉)dvol =
∫
BR(y)
F∞(〈df∞, dg∞〉)dυ
for every sequence of continuous functions {Fi}i=1,2,···,∞ on Rk satisfying that Fi converges
to F∞ uniformly on each compact subsets of R. Especially, if f∞ = g∞, then we have
lim
i→∞
1
volBR(mi)
∫
BR(mi)
Fi(|dfi − dgi|)dvol = F∞(0).
See Proposition 4.5 and Theorem 4.20 for the proof. We will also give the following
in the section:
Theorem 1.3. Let hi be a harmonic function on BR(mi) and h∞ a Lipschitz function
on BR(y) satisfying that supi Liphi < ∞ and that hi converges to h∞ on BR(y). Then
h∞ is harmonic function on BR(y), (hi, dhi)→ (h∞, dh∞) on BR(y).
We remark that the harmonicity of h∞ in Theorem 1.3 is given already in [24] by Ding.
We will give an alternative proof of it in section 4 (see Corollary 4.37).
The organization of this paper is as follows:
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In the next section, we will give several important notions and propeties for metric
spaces and manifolds to understand this paper. Most of statements in the section do not
have the proof, we will give a reference for them only.
In section 3, we will give results of rectifiability for limit spaces of Riemannian mani-
folds (Theorem 3.17 and Theorem 3.54). It is important that we can take functions which
give a rectitfiability of limit spaces, by distance functions in these theorem. As a corol-
lary, we will give an explicit geometric formula of radial derivative for Lipschitz functions
(Theorem 3.33). These results are used in section 4 essentially. In [45], we will also give a
geometric application of results in this section 3 to limit spaces of Riemannian manifolds
with Ricci curvature bounded below.
In section 4, we will give a definition of convergences of L∞-functions associated to
measured Gromov-Hausdorff convergence and give the definition of convergence of dif-
ferential of Lipschitz functions again via the definition of convergence of L∞-functions.
After that, we will give several properties of the convergence. Main properties of them
are Theorem 4.20, Theorem 4.27 and Corollary 4.35.
In section 5, as an application of results in section 4, we will study harmonic func-
tions on asymptotic cones of manifolds with nonnegative Ricci curvature and Euclidean
volume growth via Colding-Minicozzi big theory ([17, 18, 19, 20, 21, 22]). See Definition
5.3 for the definition of asymptotic cones. It is important that we can replace most of
statements for harmonic functions on manifolds in [18] with one on asymptotic cones via
Ding’s important works [23, 24] and Theorem 4.20. For instance, we will prove that the
space of harmonic functions with polynomial growth of a fixed rate is finite dimensional
vector space (Theorem 5.34). We can regard it as asymptotic cones version of finite di-
mensionality conjecture on manifolds by Yau (see for instance Conjecture 0.1 in [17]). We
remark that most of important essential ideas to prove these statements given in [18, 22].
Roughly speaking, we can get these results by “taking limit of most of results in [18]
via Theorem 4.20”. As an application of them to manifolds, we will prove the following
Liouville type theorem:
Theorem 1.4. Let M be an n-dimensional (n ≥ 3) complete Riemannian manifold
with nonnegative Ricci curvature and Euclidean volume growth. Then, there exists unique
d1 ≥ 1 satisfying the following properties:
1. For every asymptotic cone M∞ of M and 0 < d < d1, we have
Hd(M∞) = {Constant functions}.
Here Hd(M∞) is the linear space of harmonic functions on M∞ with order of growth
at most d.
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2. There exists an asymptotic cone M∞ of M such that
Hd1(M∞) 6= {Constant functions}.
3. For every 0 < d < d1, we have
Hd(M) = {Constant functions}.
See Corollary 5.48 for the proof.
In section 6, as another application of results in section 4, we will give (distributional)
Laplacian comparison theorem on limit spaces of Riemannian manifolds by using several
results in [42]. See Theorem 6.1. This formulation is given in [53] by Kuwae-Shioya
on weighted Alexandrov spaces. Roughly speaking, this Laplacian comparison theorem
implies that limit spaces of Riemannian manifolds have “definite lower bound of Ricci
curvature in some sense.” In fact, we can get a stability result of lower bound of Ricci
curvature with respect to Gromov-Hausdorff topology (Corollary 6.3). The corollary is
well known in the setting of metric measure spaces. See for instance [65, 66, 72, 88, 89,
92, 93]. We will give an alternative proof of it via the Laplacian comparison theorem.
In section 7, we will give proofs of several propositions used in previous sections.
Acknowledgments. The author would like to express his deep gratitude to Professor
Kenji Fukaya and Professor Tobias Holck Colding for warm encouragement and their
numerous suggestions and advice. He is grateful to Professor Takashi Shioya for his
suggestion about Theorem 6.1 and giving many valuable suggestions. This work was done
during the stay at MIT, he also thanks to them and all members of Informal Geometry
Seminar in MIT for warm hospitality and for giving nice environment.
2 Preliminaries
Our aim in this section is to introduce important notions and properties for metric spaces
and manifolds to understand statements in this paper.
2.1 Metric measure spaces
For a positive number  > 0, we use following notation:
a = b± ⇐⇒ |a− b| < .
We denote by Ψ(1, 2,··· , k; c1, c2,··· , cl) (more simply, Ψ) some positive function onRk>0×
Rl satisfying
lim
1,2,···,k→0
Ψ(1, 2,··· , k; c1, c2,··· , cl) = 0
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for each fixed real numbers c1, c2,··· , cl. We often denote by C(c1, c2,··· , cl) some (positive)
constant depending only on fixed real numbers c1, c2,··· , cl.
For a metric space Z, a point z ∈ Z and a positive number r > 0, we use the following
notation:
Br(z) = {x ∈ Z; z, x < r}, Br(z) = {x ∈ Z; z, x ≤ r}, ∂Br(z) = {x ∈ Z; z, x = r}.
Here y, x is the distance between y and x, we often denote the distance by dZ(y, x). For
r < R, we put Ar,R(z) = BR(z) \ Br(z). For every A ⊂ Z, we also put Br(A) = {x ∈
Z;A,w < r} and Br(A) = {x ∈ Z;A, x ≤ r}. For an open subset U of Z and η > 0, we
put Uη = {w ∈ U ;Bη(w) ⊂ U}. It is easy to check that Uη is closed subset of Z. For
z ∈ Z, we define 1-Lipschitz function rz on Z by rz(w) = z, w.
For a Lipschitz function f on Z and a point z ∈ Z, we will use the following notations:
1. If z is not an isolated point in Z, then we put
lipf(z) = lim inf
r→0
(
sup
x∈Br(z)\{z}
|f(x)− f(z)|
x, z
)
,
if z is an isolated point in Z, then we put lipf(z) = 0.
2. If z is not an isolated point in Z, then we put
Lipf(z) = lim sup
r→0
(
sup
x∈Br(z)\{z}
|f(x)− f(z)|
x, z
)
,
if z is an isolated point in Z, then we put Lipf(z) = 0.
3. If Z is not single point, then we put
Lipf = sup
w1 6=w2
|f(w1)− f(w2)|
w1, w2
<∞,
if Z is a single point, then we put Lipf = 0.
We shall remark that for every subset A ⊂ Z and Lipschitz function f on A, there
exists a Lipschitz function f ∗ on Z such that f ∗|A = f and Lipf ∗ = Lipf . In fact, if we
define a function f ∗ on Z by f ∗(z) = infa∈A(f(a) + Lipfz, a), then it is easy to check
that f ∗|A = f and Lipf ∗ = Lipf .
For a Borel subset A of Z, an extended real valued Borel function f on A and an
extended nonnegative real valued Borel function g on A, we say that g is an upper gradient
for f if for every a1, a2 ∈ A and continuous rectifiable curve γ : [0, l] → A parametrized
by arclength with γ(0) = a1, γ(l) = a2, we have
|f(a1)− f(a2)| ≤
∫ l
0
g(γ(s))ds.
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For an open subset U ⊂ Z and a Lipschitz function f on U , lipf is an upper gradient for
f on U . See [5, Proposition 1.11].
We say that Z is proper if every bounded subbsets of Z are relatively compact. We also
say that Z is a geodesic space if for every x1, x2 ∈ Z, there exists an isometric embedding
γ from [0, x1, x2] to Z such that γ(0) = x1, γ(x1, x2) = x2. We say that γ is a minimal
geodesic from x1 to x2. For a proper geodesic space W and w ∈ W , we put Cw = {z ∈ W ;
For every x ∈ W \ {z}, we have w, z + z, x > w, x} (if W is a single point, then we put
Cw = ∅). We call Cw cut locus of W at w.
For a proper metric space Z and a Borel measure υ on Z, we say that υ is Radon
measure if υ(K) <∞ for every compact set K,
υ(A) = sup
K⊂A:compact
υ(K) = inf
A⊂O:open
υ(O)
for every Borel subset A of Z. Then we say that a pair (Z, υ) is a metric measure space in
this paper. For a metric measure space (Z, υ), a point z ∈ Z and k ∈ R≥0, we say that υ
is Ahlfors k-regular at z if there exist r > 0 and C ≥ 1 such that C−1 ≤ υ(Bt(z))/tk ≤ C
for every 0 < t < r. We shall introduce the notion of υ-rectifiability for metric measure
spaces by Cheeger-Colding. See [9, Definition 5.3] and [9, Theorem 5.7]. For metric
spaces X1, X2, 0 < δ < 1 and a bijection map f from X1 to X2, we say that f gives
(1± δ)-bi-Lipschitz equivalent to X2 if f and f−1 are (1 + δ)-Lipschitz map.
Definition 2.1 (Rectifiability for metric measure spaces). For a metric measure space
(Z, υ) and a Borel subset A ⊂ Z, we say that A is υ-rectifiable if there exists a positive
integer m, a collection of Borel subset {Ck,i}1≤k≤m,i∈N of A and a collection of bi-Lipschitz
embedding map {φk,i : Ck,i → Rk} satisfying the following properties:
1. υ(A \⋃k,iCk,i) = 0
2. υ is Ahlfors k-regular at each x ∈ Ck,i.
3. For every k, x ∈ ⋃i∈N Ck,i and 0 < δ < 1, there exists Ck,i such that x ∈ Ck,i and
that the map φk,i gives (1± δ)-bi-Lipschitz equivalent to the image φk,i(Ck,i).
We shall recall the definition of Sobolev spaces on metric measure spaces (see [4] and
[41]). We fix a metric measure space (Z, υ) satisfying that Z is a geodesic space and that
(Z, υ) satisfies doubling condition below: For every r > 0, there exists K = K(r) ≥ 1
such that 0 < υ(B2s(x)) ≤ 2Kυ(Bs(x)) for every x ∈ Z and 0 < s < r. We fix an open set
U ⊂ Z. For functions f, g ∈ L2(U), we say that g is a generalized upper gradient for f
if there exists sequences of extended real valued functions fi on U and upper gradient gi
for fi on U such that fi → f and gi → g in L2(U). Let H1,2(U) be the subspace of L2(U)
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consisting functions f satisfying that there exists a generalized upper gradient g for f on
U . By [5, Theorem 2.10], for every f ∈ H1,2(U), there exists unique gf ∈ L2(U) satisfying
that |gf |L2(U) ≤ |g|L2(U) for every generalized upper gradient g for f . We define a norm
| · |1,2 on H1,2(U) by |f |1,2 = |f |L2(U)+ |gf |L2(U). We call (H1,2(U), | · |1,2) the Sobolev space.
We put K(U) = {k ∈ H1,2(U); There exists η > 0 such that υ({k 6= 0} ∩ (U \Uη)) = 0}.
We recall the definition of (2-)harmonic function on metric measure spaces by Cheeger.
For a Borel function f on U , we say that f is harmonic on U if f |V ∈ H1,2(V ) for every
bounded subset V ⊂ U and |gf+k|L2(V ) ≥ |gf |L2(V ) for every k ∈ K(U).
We shall recall the definition of weak Poincare´ inequality of type (1, 2) for metric
measure spaces. We say that (Z, υ) satisfies a weak Poincare´ inequality of type (1, 2) if
for every R > 0, there exist τ ≥ 1 and C ≥ 1 such that
1
υ(Br(x))
∫
Br(x)
∣∣∣∣f − 1υ(Br(x))
∫
Br(x)
fdυ
∣∣∣∣ dυ ≤ Cr
√
1
υ(Bτr(x))
∫
Bτr(x)
g2fdυ
for every x ∈ Z, 0 < r < R and f ∈ H1,2(Bτr(x)). We remark that if (Z, υ) satisfies a
weak Poincare´ inequality of type (1, 2), then for every R > 0, there exist C1 ≥ 1 such that
1
υ(Br(x))
∫
Br(x)
∣∣∣∣f − 1υ(Br(x))
∫
Br(x)
fdυ
∣∣∣∣dυ ≤ C1r
√
1
υ(Br(x))
∫
Br(x)
g2fdυ
for every x ∈ Z, 0 < r < R and f ∈ H1,2(Br(x)). See for instance (4.4) in [5] or [37].
We shall give a short review of important results about differentiability of Lipschitz
functions on metric measure spaces by Cheeger. We assume that (Z, υ) satisfies weak
Poincare´ inequality of type (1, 2) below. Then, by section 4 in [5], we can construct the
cotangent bundle T ∗Z of Z. See [5, Definition 4.42] for the construction. We will give
several fundamental properties of the cotangent bundle only:
1. T ∗Z is a topological space.
2. There exists a Borel map pi : T ∗Z → Z such that υ(Z \ pi(T ∗Z)) = 0.
3. For every w ∈ pi(T ∗Z), pi−1(w) is finite dimensional real vector space with canonical
norm | · |(w).
4. For every open set U ⊂ Z and f ∈ H1,2(U), there exists a Borel set V ⊂ U and a
Borel map df (called differential section of f) from V to T ∗Z such that υ(U \V ) = 0
and that pi◦df(w) = w, |df |(w) = gf(w) for every w ∈ V . Moreover, if f is Lipschitz,
then |df |(w) = Lipf(w) = lipf(w).
5. For every open set U ⊂ Z and Lipschitz functions f1, f2 on U , Leibnitz rule hold:
d(f1f2)(w) = f2(w)df1(w) + f1(w)df2(w)
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for a.e. w ∈ U .
See section 4 and 5 in [5] for the details.
In addition, we assume that Z is υ-rectifiable below. Then, by section 6 in [9], for a.e.
w ∈ Z, each norms | · |(w) defines the inner product 〈·, ·〉(w), i.e. |v|(w) =√〈v, v〉(w) for
every v ∈ pi−1(w). We call {〈·, ·〉(w)}w∈Y Riemannian metric of Y and denote it by 〈·, ·〉.
Moreover, the following bilinear form∫
Z
〈df1, df2〉dυ
on H1,2(Z) is closable (see [9, Theorem 6.25]). Therefore this bilinear form determines
a canonical (positive definite) self-adjoint operator ∆Z on L
2(Z). We call ∆Z Laplace
operator of (Z, υ) or Laplacian of (Z, υ) Moreover, if Z is compact, then (1 + ∆Z)
−1 is
compact operator (see [9, Theorem 6.27]).
2.2 Gromov-Hausdorff convergence
For compact metric spaces X1, X2, we define Gromov-Hausdorff distance between X1 and
X2 by
dGH(X1, X2) = inf{dWH (φ1(X1), φ2(X2)); There exist a metric space W and
isometric embeddings φi from Xi to W (i = 1, 2)}.
Here dWH is the Hausdroff distance and the infimum above runs over all W,φi satisfying
conditions above. We remark that dGH is a distance on the set of isometry class of compact
metric spaces. On the other hand, for compact metric spaces X1, X2, a positive number
 > 0 and a map φ from X1 to X2, we say that φ is an -Gromov-Hausdorff approximation
if B(Imageφ) = X1 and |x, y − φ(x), φ(y)| <  for every x, y ∈ X1. It is easy to check
that if dGH(X1, X2) ≤ , then there exists an 3-Gromov-Hausdorff approximation from
X1 to X2 and that if there exists an -Gromov-Hausdorff approximation from X1 to
X2, then dGH(X1, X2) ≤ 9. For a sequence of compact metric spaces Xi, we say that
Xi converges to X∞ if dGH(Xi, X∞) converges to 0. Then we denote it by Xi → X∞.
Similarly, for pointed compact metric spaces (X1, x1), (X2, x2), we can define the pointed
Gromov-Hausdorff distance dGH((X1, x1), (X2, x2)).
Moreover, for a sequence of pointed proper geodesic spaces, (Zi, zi), we say that (Zi, zi)
converges to (Z∞, z∞) if there exist sequences of positive numbers i, Ri and a (Borel)
map φi from (BRi(zi), zi) to (BRi(z∞), z∞) such that i → 0, Ri → ∞ as i → ∞,
BRi(z∞) ⊂ Bi(Imageφi) and |x1, x2 − φi(x1), φi(x2)| ≤ i for every x1, x2 ∈ BRi(xi).
We denote it by (Zi, zi)
(φ1,Ri,i)→ (Z∞, z∞), or more simply (Zi, zi)→ (Z∞, z∞). For every
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x∞ ∈ Z∞ and xi ∈ Zi, we say that xi converges to x∞ if φi(xi), x∞ → 0. Then, we denote
it by xi → x∞.
Let (Zi, zi)→ (Z∞, z∞). For a sequence of sets Ai ⊂ Zi satisfying that there exists R >
0 such that Ai ⊂ BR(zi) for every i, we say that Ai is included by A∞ asymptotically if for
every  > 0, there exists i0 such that for every i ≥ i0, φi(Ai) ⊂ B(A∞). Then we denote
it by lim supi→∞Ai ⊂ A∞. (If A∞ = ∅, then lim supi→∞Ai ⊂ A∞ implies Ai = ∅ for every
sufficiently large i.) Similarly, we also say that A∞ is included by Ai asymptotically if for
every  > 0, there exists i0 such that for every i ≥ i0, A∞ ⊂ A(φi(Ai)). Then we denote it
by A∞ ⊂ lim inf i→∞Ai. Let C∞ ⊂ lim inf i→∞Ci. For a sequence of Lipschitz function fi
on Ci satisfying supiLipfi <∞, we say that f∞ is a restriction of fi asymptotically if for
every w ∈ C∞, subsequence {n(i)} of N and wn(i) ∈ Cn(i) satisfying φn(i)(wn(i)), w → 0,
we have
lim
i→∞
fn(i)(wn(i)) = f∞(w).
Let lim supi→∞Di ⊂ D∞ and D∞ be compact. For a sequence of Lipschitz function gi on
Di satisfying supi Lipgi < ∞, we say that g∞ is an extension of gi asymptotically if for
every w ∈ D∞, subsequence {n(i)} of N and wn(i) ∈ Dn(i) satisfying φn(i)(wn(i)), w → 0,
we have
lim
i→∞
gn(i)(wn(i)) = g∞(w).
For a sequence of compact setKi ⊂ Zi, we say that (Zi, zi, Ki) converges to (Z∞, z∞, K∞)
if there exists τi > 0 such that τi → 0, φi(Ki) ⊂ Bi+τi(K∞) and K∞ ⊂ Bi+τi(φi(Ki)).
Then we denote it by (Zi, zi, Ki)
(φ1,Ri,i)→ (Z∞, z∞, K∞) or, more simply, (Zi, zi, Ki) →
(Z∞, z∞, K∞) or Ki → K∞. It is easy to check that (Zi, zi, Ki)→ (Z∞, z∞, K∞) holds if
and only if lim supi→∞Ki ⊂ K∞ and K∞ ⊂ lim inf i→∞Ki hold.
Let (Zi, zi, Ki) → (Z∞, z∞, K∞). For a sequence of Lipschitz functions, f 1i , f 2i ,··· , fki
on Ki satisfying supi,l(Lipf
l
i + |f li |L∞) < ∞, we say that (Zi, zi, Ki, f 1i ,··· , fki ) converges
to (Z∞, z∞, K∞, f 1∞,··· , f
k
∞) if
lim
i→∞
f li (xi) = f
l
∞(x∞)
for every xi ∈ Ki and x∞ ∈ K∞ satisfying xi → x∞. It is easy to check that this condition
holds if and only if f l∞ is an extension (or a restriction) of {f li} asymptotically for every l.
We denote it by (Zi, zi, Ki, f
1
i ,··· , f
k
i )→ (Z∞, z∞, K∞, f 1∞,··· , fk∞), or more simply, f li → f l∞
for every l. Then we can also check that
lim
i→∞
|f li − f l∞ ◦ φi|L∞(Ki) = 0
easily.
Example 2.2. Let (Zi, zi)→ (Z∞, z∞). Then it is easy to check that lim supi→∞BR(zi) ⊂
BR(z∞) and BR(z∞) ⊂ lim inf i→∞BR(zi).
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Example 2.3. Let (Zi, zi)→ (Z∞, z∞). Then for every A ⊂ Z∞ and τi → 0, we have
lim supi→∞Bτi((φi)
−1(Ai)) ⊂ A and A ⊂ lim inf i→∞(φi)−1(Ai).
It is not difficult to check the following proposition:
Proposition 2.4. Let (Zi, zi) → (Z∞, z∞), A1i , A2i bounded subsets of Zi. Then we
have the following:
1. If lim supi→∞A
j
i ⊂ Aj∞ for j = 1, 2, then lim supi→∞(A1i ∪A2i ) ⊂ A1∞ ∪A2∞.
2. If Aj∞ ⊂ lim inf i→∞Aji for j = 1, 2, then lim inf i→∞(A1i ∪ A2i ) ⊂ A1∞ ∪ A2∞.
3. If X, Y ⊂ Z∞ satisfies lim supi→∞A1i ⊂ X, lim supi→∞A1i ⊂ Y and X ∪ Y ⊂
lim inf i→∞A1i , then X = Y . Here, X is the closure of X in Z∞.
We shall give a proof of the next proposition:
Proposition 2.5. Let (Zi, zi) be a sequence of proper geodesic spaces, Λ a set and
{Aλi }λ∈Λ a collection of bounded subsets of Zi. We assume that (Zi, zi) converges to
(Z∞, z∞), Aλ∞ is compact for every λ ∈ Λ and that lim supi→∞Aλi ⊂ Aλ∞ for every λ ∈ Λ.
Then, lim supi→∞
⋂
λ∈ΛA
λ
i ⊂
⋂
λ∈ΛA
λ
∞.
Proof. The proof is done by a contradiction. We assume that the assertion is false.
Then, there exists τ > 0 such that for every i, there exist Ni ≥ i and wi ∈ φNi(
⋂
λ∈ΛA
λ
Ni
)\
Bτ (
⋂
λ∈ΛA
λ
∞). Without loss of generality, we can assume that there exists w∞ ∈ Z∞ such
that wi → w∞. By the assumption, we have w∞ ∈ Aλ∞ = Aλ∞ for every λ ∈ Λ. Thus,
w∞ ∈
⋂
λ∈ΛA
λ
∞. Especially we have wi ∈ Bτ (
⋂
λ∈ΛA
λ
∞) for every sufficiently large i. This
is a contradiction.
We shall consider convergence of a sequence of complement of open balls:
Proposition 2.6. Let (Zi, zi) be a sequence of proper geodesic spaces and Ai a bounded
subset of Zi. We assume that (Zi, zi) converges to (Z∞, z∞), A∞ is compact and that
lim supi→∞Ai ⊂ A∞. Then for every r > 0 and xi → x∞ ∈ Z∞, we have lim supi→∞(Ai \
Br(xi)) ⊂ A∞ \Br(x∞).
Proof. We assume that the assertion is false. Then there exists τ > 0 such that for
every i, there exist Ni ≥ i and wi ∈ φNi(ANi \ Br(xNi)) \ Bτ (A∞ \ Br(x∞)). Without
loss of generality, we can assume that there exists w∞ ∈ Z∞ such that wi → w∞. By the
assumption, we have w∞ ∈ A∞ = A∞. We take αi ∈ ANi\Br(xNi) satisfying wi = φNi(αi).
Then, since αi, xNi ≥ r, we have w∞, x∞ ≥ r. Therefore, w∞ ∈ A∞ \ Br(x∞). Thus, we
have wi ∈ Bτ (A∞ \Br(x∞)) for every sufficiently large i. This is a contradiction.
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Example 2.7. Let (Zi, zi)→ (Z∞, z∞). Then, for every r > 0, we have lim supi→∞ ∂Br(zi) ⊂
∂Br(z∞).
The proof of next proposition is done by a contradiction similar to the proof of Propo-
sition 2.5 or 2.6.
Proposition 2.8. Let (Zi, zi) be a sequence of proper geodesic spaces and ηi a positive
numbers. We assume that (Zi, zi) converges to (Z∞, z∞) and ηi → η∞. Then for every
r > 0, we have lim supi→∞(Br(zi))ηi ⊂ (Br(z∞))η∞ .
We will give the following fundamental result by Gromov for precompactness of Gromov-
Hausdorff topology. See [35] for the proof.
Proposition 2.9. Let {(Zi, zi)}i be a sequence of pointed proper geodesic spaces. We
assume that for every  > 0 and R ≥ 1, there exists N such that for every i, there exists a
finite covering {B(xj)}j=1,···,N of BR(zi). Then, there exist a subsequence {(Zn(i), zn(i))}
and a pointed proper geodesic space (Z∞, z∞) such that (Zn(i), zn(i)) converges to (Z∞, z∞).
We will give a result of precompactness for a sequence of compact sets;
Proposition 2.10. Let (Zi, zi) be a sequence of proper geodesic spaces and Ki a
sequence of compact subset of Zi. We assume that (Zi, zi) converges to (Z∞, z∞) and
that there exists R > 0 such that Ki ⊂ BR(zi) for every i. Then, there exist a subse-
quence {n(i)} and a compact subset K∞ of Z∞ such that (Zn(i), zn(i), Kn(i)) converges to
(Z∞, z∞, K∞).
Proof. By the assumption, for every k, there exists Nk such that for every i, there ex-
ists x1(i, k),··· , xNk(i, k) ∈ BR(zi) such that Ki ⊂ BR(zi) ⊂
⋃Nk
j=1Bk−1(xj(i, k)). Since Z∞
is proper, by diagonal argument, there exists a subsequence {n(i)} such that {φn(i)(xj(n(i), k))}
is Cauchy sequence for every j, k. We put xj(k) = limi→∞ φn(i)(xj(n(i), k)) and K∞ =
{xj(k)}. It is easy to check that (Zn(i), zn(i), Kn(i)) converges to (Z∞, z∞, K∞).
We will give a result of precompactness for a sequence of Lipschitz functions.
Proposition 2.11. Let (Zi, zi) be a sequence of proper geodesic spaces, Ki a sequence
of compact subset of Zi and fi a sequence of Lipschitz function on Ki. We assume that
(Zi, zi, Ki) converges to (Z∞, z∞, K∞) and that supi(Lipfi+|fi|L∞) <∞. Then there exist
a Lipschitz function f∞ on K∞ and a subsequence {n(i)} such that (Zn(i), zn(i), Kn(i), fn(i))
converges to (Z∞, z∞, K∞, f∞).
Proof. We take a countable dense subset {xj} of K∞. For every xj , we take xj(i) ∈
Ki satisfying that xj(i) converges to xj . Then, there exists a subsequence {n(i)} of N
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such that the sequence {fn(i)(xj(n(i)))} is Cauchy sequence. We define a function F∞ on
{xj} by
F∞(xj) = lim
i→∞
fn(i)(xj(n(i))).
It is easy to check that the function F∞ is supiLipfi-Lipschitz function. Therefore there
exists unique Lipschitz function f∞ on K∞ such that F∞(xj) = f∞(xj). It is easy to check
that f∞ satisfies the assertion.
We shall give a fundamental covering lemma (for proper metric spaces). See chapter
1 in [81] for the proof.
Proposition 2.12. Let X be a proper metric space, A a subset of X, Λ a set, {xλ}λ∈Λ
a collection of points in X and {rλ}λ∈Λ a collection of positive numbers. We assume that
for every x ∈ A and  > 0, there exists λ ∈ Λ such that x ∈ Brλ(xλ) and diamBrλ(xλ) < .
Then, there exists a countable subset Λ1 ⊂ Λ satisfying the following properties:
1. {Brλ1 (xλ1)}λ1∈Λ1 are pairwise disjoint collection.
2. For every finite subset Λ2 ⊂ Λ1, we have
A \
⋃
λ2∈Λ2
Brλ2 (xλ2) ⊂
⋃
λ∈Λ1\Λ2
B5rλ(xλ).
We shall recall the definition of measured Gromov-Hausdorff convergence by Fukaya,
first. Let (Z, zi) → (Z∞, z∞). For a sequence of Radon measure υi on Zi, we say that
(Zi, zi, υi) converges to (Z∞, z∞, υ∞) in the sense of measured Gromov-Hausdorff topology
if
lim
i→∞
υi(Br(xi)) = υ∞(Br(x∞))
for every r > 0, x∞ ∈ Z∞ and sequence xi ∈ Zi satisfying xi → x∞. Then we de-
note it by (Zi, zi, υi) → (Z∞, z∞, υ∞). We introduce a following fundamental result for
precompactness of measured Gromov-Hausdorff topology. See [7, Theorem 1.6] or [30].
Proposition 2.13. Let {(Zi, zi, υi)}i be a sequence of pointed proper geodesic spaces
with Radon measure υi. We assume that υi(B1(zi)) = 1 and that for every R > 0 there
exists K = K(R) ≥ 1 such that υi(B2r(xi)) ≤ 2Kυi(Br(xi)) for every 0 < r < R, i ∈ N
and xi ∈ Zi. Then, there exist a subsequence {(Zn(i), zn(i), υi)} and a pointed proper
geodesic space with Radon measure (Z∞, z∞, υ∞) such that (Zn(i), zn(i), υi) converges to
(Z∞, z∞, υ∞).
Next, we will give a relation between the measure of limit set and the limit of measures
of sets:
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Proposition 2.14. Let {(Zi, zi, υi)}i be a sequence of pointed proper geodesic spaces
with Radon measure υi and Ai a Borel subset of Zi. We assume that υi(B1(zi)) = 1, A∞
is compact, (Zi, zi, υi) → (Z∞, z∞, υ∞), lim supi→∞Ai ⊂ A∞ and that for every R > 0
there exist K = K(R) ≥ 1 such that υi(B2r(xi)) ≤ 2Kυi(Br(xi)) for every 0 < r < R,
i ∈ N and xi ∈ Zi. Then we have
lim sup
i→∞
υi(Ai) ≤ υ∞(A∞).
Proof. By Proposition 2.12, there exists a pairwise disjoint collection {Brj (xj)}j∈N
such that xj ∈ A∞, 0 < rj << 1 and A∞ \
⋃N
i=1Bri(xi) ⊂
⋃∞
i=N+1B5ri(xi) for every
N . We fix  > 0. We take N satisfying
∑∞
i=N+1 υ∞(Bri(xi)) < . By the assump-
tion, we have
∑∞
i=N+1 υ(B5ri(xi)) < 2
5K(1). We consider an open covering {Bsi(yi)} =
{B(1+)ri(xi)}i=1,···,N ∪ {B5(1+)ri(xi)}i≥N+1 of A∞. By compactness of A∞, there ex-
ists a finite subcollection {Bti(zi)}i=1,···,l of {Bsi(yi)}, such that A∞ ⊂
⋃l
i=1Bti(zi) and
|υ∞(A∞)−
∑l
i=1 υ∞(Bti(zi))| < Ψ(;K). There exists τ0 > 0 such that τ0 << min{tj ; 1 ≤
j ≤ l} and that Bτ0(A∞) ⊂
⋃l
i=1Bti(zi). We take τ > 0 and a sequence zi(j) ∈ Zj
satisfying that τ < τ0 and that zi(j) → zi. Then since φi(Ai) ⊂ Bτ0(A∞) for every suffi-
ciently large i, it is easy to check that Ai ⊂
⋃l
j=1Btj+τ (zj(i)) for every sufficiently large
i. Therefore we have υi(Ai) ≤
∑l
j=1 υi(Btj+τ (zj(i))). Thus,
lim sup
i→∞
υ∞(Ai) ≤
l∑
j=1
υ∞(Btj+τ (zj)).
By letting τ → 0 and → 0, we have the assertion.
Proposition 2.15. Let {(Zi, zi, υi)}i be a sequence of pointed proper geodesic spaces
with Radon measure υi. We assume that υi(B1(zi)) = 1, diamZ∞ > 0, (Zi, zi, υi)
(φi,Ri,i)→
(Z∞, z∞, υ∞) and that for every R > 0, there exist K = K(R) ≥ 1 such that υi(B2r(xi)) ≤
2Kυi(Br(xi)) for every 0 < r < R, i ∈ N and xi ∈ Zi. Then, we have
lim
i→∞
sup
xi∈BR(zi),0<r<R
|υi(Br(xi))− υ∞(Br(φi(xi)))| = 0
for every R ≥ 1.
Proof. By the assumption, it is easy to check that radZ∞ > 0. Here radX =
infx2∈X(supx1∈X x1, x2) for metric space X . We put K = K(100R). We take 0 < τ <<
radZ∞. Then, by the definition, there exists N satisfying that for every N ≤ i ≤ ∞ and
w ∈ Zi, there exists wˆ ∈ Zi such that w, wˆ = τ . Since Bτˆ (w) ⊂ Bτ+τˆ (wˆ) \ Bτ−τˆ (wˆ), by
[21, Lemma 3.3] (or [4, Proposition 6.12]), there exists 0 < τˆ << τ such that for every
N ≤ i ≤ ∞, w ∈ Zi and 0 < t < τˆ , we have
υi(Bt(w)) ≤ Ψ(t;K,R)υi(B10τ (w)).
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Therefore, for every  > 0, there exists N1 ∈ N and 0 < r1 << min{R, τˆ , , 1} such
that for every N1 ≤ i ≤ ∞, 0 < s < r1 and z ∈ BR(zi), we have υi(Bs(z)) ≤ . We
take {xj}j=1,···,l ⊂ BR(z∞) and {tj}j=1,···,lˆ ⊂ [0, R] satisfying BRˆ(z∞) ⊂
⋃l
j=1Br1(xj)
and [0, R] ⊂ ⋃lˆj=1Br1(tj). We take xj(i) ∈ BR(zi) satisfying that xj(i) → xj . There
exists N2 ≥ N1 such that |υi(Btjˆ (xj(i))) − υ∞(Btjˆ (xj))| < . for every i ≥ N2, j = 1,··· , l
and jˆ = 1,··· , lˆ. Then, for every z ∈ BR(z∞) and s ∈ [r1, R], we take j ∈ {1,··· , l} and
jˆ ∈ {1,··· , lˆ} satisfying z, zj < r1 and |s− tjˆ | < r1. Then by [21, Lemma 3.3],
|υ∞(Bs(z))− υ∞(Btjˆ (xj))| ≤ υ∞(Bs+5r1(z))− υ∞(Bs−5r1(z))(1)
≤ Ψ(;K,R, τ)υ∞(BR(z∞)).(2)
On the other hand, for a sequence z(i) ∈ BR(zi) satisfying z(i)→ z,
|υi(Bs(z(i)))− υi(Btjˆ (xj(i)))| ≤ υi(Bs+10r1(z(i)))− υi(Bs−10r1(z(i)))(3)
≤ Ψ(;K,R, τ)υi(BR(zi))(4)
≤ Ψ(;K,R, τ)υ∞(BR(z∞))(5)
for every i ≥ N2. Thus, we have
|υi(Bs(z(i)))− υ∞(Bs(z))| < Ψ(;K,R, τ)υ∞(BR(z∞)).
Therefore, we have the assertion.
We remark that an assumption diamZ∞ > 0 of Proposition 2.15 is necessary. For
example, consider a sequence Sn(r)→ {p} as r → 0. Here Sn(r) = {x ∈ Rn+1; |x| = r}.
Proposition 2.16. Let {(Zi, zi, υi)}i be a sequence of pointed proper geodesic spaces
with Radon measure υi. We assume that υi(B1(zi)) = 1, (Zi, zi, υi)
(φi,Ri,i)→ (Z∞, z∞, υ∞)
and that for every R > 0, there exist K = K(R) ≥ 1 such that υi(B2r(xi)) ≤ 2Kυi(Br(xi))
for every 0 < r < R, i ∈ N and xi ∈ Zi Then we have
lim
i→∞
∫
Zi
f ◦ φidυi =
∫
Z∞
fdυ∞
for every f ∈ C0c (Z∞).
Proof. We put A = suppf and fix  > 0. We take R ≥ 1 satisfying A ⊂ BR(z∞)
and put K = K(100R). For every x ∈ Z∞, we take r(x) > 0 satisfying that for every
w ∈ Br(x)(x), we have f(w) = f(x)±. By Proposition 2.12, there exists a pairwise disjoint
collection {Bri(xi)}i such that xi ∈ A, 0 < ri << min{r(xi), } and K \
⋃N
i=1Bri(xi) ⊂⋃∞
i=N+1B5ri(xi) for every N . We take N satisfying
∑∞
i=N+1 υ∞(Bri(xi)) < . By the
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assumption, we have
∑∞
i=N+1 υ∞(B5ri(xi)) < Ψ(;K). We take xj(i) ∈ Zi satisfying that
xj(i)→ xj . Then we have
∫
Zi
f ◦ φidυi =
N∑
j=1
∫
Brj (xj(i))
f ◦ φidυi ±
∣∣∣∣∣
∫
Zi\
⋃N
j=1Brj (xj(i))
f ◦ φidυi
∣∣∣∣∣ .
We also have∣∣∣∣∣
∫
Zi\
⋃N
j=1Brj (xj(i))
f ◦ φidυi
∣∣∣∣∣ =
∣∣∣∣∣
∫
φ−1i (A)\
⋃N
j=1 Brj (xj(i))
f ◦ φidυi
∣∣∣∣∣(6)
≤ sup |f |υi(φ−1i (A) \
N⋃
j=1
Brj(xj(i))(7)
≤ sup |f |υi(φ−1i (A) \
N⋃
j=1
Brj(xj(i))).(8)
By Proposition 2.14, we have
lim sup
i→∞
υi(φ
−1
i (A) \
N⋃
j=1
Brj (xj(i))) ≤ υ∞(A \
N⋃
j=1
Brj (xj))(9)
≤
∞∑
i=N+1
υ∞(B5rj(xj)) ≤ Ψ(;K).(10)
Therefore for every sufficiently large i, we have
∫
Zi
f ◦ φidυi =
N∑
j=1
(f(xj)± )υi(Brj(xj(i)))±Ψ(;K, sup |f |)(11)
=
N∑
j=1
(f(xj)± )υ∞(Brj (xj))±Ψ(;K, sup |f |, R)(12)
=
∫
⋃N
j=1Brj (xj)
fdυ∞ ±Ψ(;K, sup |f |)(13)
=
∫
Zi
fdυ∞ ±
(∫
A\⋃Nj=1Brj (xj)
|f |dυ∞ +Ψ(;K, sup |f |)
)
(14)
=
∫
Zi
fdυ∞ ±Ψ(;K, sup |f |).(15)
Therefore we have the assertion.
In section 4, we will generalize Proposition 2.16. See Proposition 4.13.
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2.3 Riemannian manifolds and its limit space
First, we shall introduce a very powerful gradient estimates for harmonic functions on
manifolds by Cheng-Yau. This estimate is used in this paper many times. We fix n ≥ 2.
Theorem 2.17 (Cheng-Yau, [13]). Let K be a real number, R a positive number, M
a complete n-dimensional Riemannian manifold with RicM ≥ K(n− 1), m a point in M
and f a nonnegative valued harmonic function on BR(m). Then, we have
|∇f |(x) ≤ C(n)f(x)R(R|K(n− 1)|+ 1)
R2 −m, x2
for every x ∈ BR(m).
Next theorem is a fundamental result for the study of Gromov-Hausdorff convergence
of Riemannian manifolds:
Theorem 2.18 (Bishop-Gromov, [35]). Let K be a real number, M a complete n-
dimensional Riemannian manifold with RicM ≥ K(n− 1) and m a point in M . Then we
have
volBr(m)
volBr(p)
≥ volBs(m)
volBs(p)
for every 0 < r < s. Here, p is a point in the n-dimensional space form MnK whose
sectional curvature is equal to K.
As a corollary of Theorem 2.18, if a sequence of pointed n-dimensional complete Rie-
mannian manifolds with renormalized volume {(Mi, mi, vol)} satisfy RicMi ≥ K(n − 1),
then the sequence satisfies the assumption of Proposition 2.13. Here renormalized volume
means
vol =
vol
volB1(mi)
.
For a real number K and a pointed proper geodesic space (Y, y), in this paper, we say
that (Y, y) is (n,K)-Ricci limit space if there exist a sequence of real numbers {Ki} and
a sequence of pointed n-dimensional complete Riemannian manifolds {(Mi, mi)} with
RicMi ≥ Ki(n − 1) such that Ki → K and (Mi, mi) → (Y, y). Then, we often call
(Y, y) a Ricci limit space of {(Mi, mi)}. Similarly, for a pointed proper geodesic space
with Radon measure (Y, y, υ), we also say that (Y, y, υ) is (n,K)-Ricci limit space if
there exist a sequence of real numbers {Ki} and a sequence of pointed n-dimensional
complete Riemannian manifolds {(Mi, mi)} with RicMi ≥ Ki(n−1) such thatKi → K and
(Mi, mi, vol) → (Y, y, υ). More simply, for (n,−1)-Ricci limit space (Y, y) (or (Y, y, υ)),
we say that (Y, y) is Ricci limit space. See section 4.1 in [65]. We shall fix a Ricci limit
space (Y, y, υ) in this subsection and give a very short review of structure theory of Ricci
limit spaces developed by Cheeger-Colding below. See [7, 8, 9] for the details.
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We shall give an important notion called tangent cone to study Ricci limit spaces:
For pointed proper geodesic spaces (Z, z) and (X, x), we say that (Z, z) is a tangent
cone of X at x if there exists a sequence of positive numbers {ri} such that ri → 0 and
(X, x, r−1i dX) → (Z, z). For k ≥ 1, we put Rk(Y ) = {x ∈ Y ; All tangent cones at x are
isometric to Rk} and call it k-dimensional regular set. More simply, we shall denote it by
Rk. We also put R =
⋃
1≤k≤nRk and call it regular set. Next theorem is an important
properties for Ricci limit spaces:
Theorem 2.19 (Cheeger-Colding, [7]). We have υ(Y \ R) = 0.
For δ, r > 0 and 0 < α < 1, we put (Rk)δ,r = {x ∈ Y ; dGH((Bs(x), x), (Bs(0k), 0k)) ≤
δs for every 0 < s ≤ r} and (Rk;α)r = {x ∈ Y ; dGH((Bs(x), x), (Bs(0k), 0k)) ≤ s1+α for
every 0 < s ≤ r}. Here 0k ∈ Rk. By the definition, we remark that these set are closed.
It is easy to check that
⋂
δ>0(
⋃
r>0(Rk)δ,r) = Rk. We also put Rk;α =
⋃
r>0(Rk;α)r. By [7,
Theorem 3.23] and [7, Theorem 4.6], there exists 0 < α(n) < 1 such that υ(Rk\Rk;α(n)) =
0, υ is Ahlfors k-regular at each point in Rk;α(n) for every k. Next, we shall introduce an
important result for rectifiability and Poincare´ inequality on Ricci limit spaces:
Theorem 2.20 (Cheeegr-Colding, [9]). Y is υ-rectifiable, (Y, υ) satisfies weak (1, 2)-
Poincare´ inequality.
More strongly, they proved that segment inequality on Ricci limit spaces holds. (We
do not give the definition here. See [9, Theorem 2.15].) Therefore we can construct the
cotangent bundle T ∗Y of Y . Finally, for cut loci on Ricci limit spaces, we also remark
that υ(Cx) = 0 for every x ∈ Y . See [42, Theorem 3.2]. These results above are used in
section 3, essentially.
3 Rectifiability on limit spaces
In this section, we shall study a rectifiability of Ricci limit spaces. These results given in
this section are used in section 4, essentially.
3.1 Radial rectifiability
The main result in this subsection is Theorem 3.17.
Lemma 3.1. Let Z be a proper geodesic space, z a point in Z, s, δ positive numbers,
υ a Radon measure on Z and F a nonnegative valued Borel function on Bs(m). We
assume that there exists K ≥ 1 such that for every w ∈ Bs(z) and 0 < t ≤ s, we have
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0 < υ(B2t(w)) ≤ 2Kυ(Bt(w)),
1
υ(Bs(z))
∫
Bs(z)
Fdυ ≤ δ.
Then, there exists a compact set K ⊂ Bs/102(z) such that υ(K)/υ(Bs/102(z)) ≥ 1−Ψ(δ;K)
and that for every x ∈ K and 0 < t ≤ s/102,
1
υ(Bt(x))
∫
Bt(x)
Fdυ ≤ Ψ(δ;K).
Proof. Without loss of generality, we can assume that F is a nonnegative valued
Borel function on Z by F ≡ 0 on Z \ Bs(z). We fix C > 0. We put A1(C) =
{w ∈ Bs(z);
∫
Bs/102 (w)
Fdυ ≥ Cυ(Bs/102(w))} and take x11,··· , x1k1 ∈ A1(C) which are
an s/10-maximal separated subset of A1(C). We also put A2(C) = {w ∈ Bs(m) \⋃k1
i=1Bs(x
1
i );
∫
Bs/103 (w)
Fdυ ≥ Cυ(Bs/103(w))} and take x21,··· , x2k2 ∈ A2(C) which are
s/102-maximal separated subset of A1(C). By iterating this argument, we put Al(C) =
{w ∈ Bs(m) \
⋃
1≤j≤l−1, 1≤i≤kj Bs/10l−2(x
l−1
i );
∫
B
s/10l+1
(w)
Fdvol ≥ Cυ(Bs/10l+1(w))} and
take xl1,··· , x
l
kl
∈ Al(C) which are s/10l-maximal separated subset of Al(C).
Claim 3.2. The collection {Bs/10l+1(xli)} are pairwise disjoint.
We take w ∈ Bs/10lˆ+1(xlˆiˆ)∩Bs/10l+1(xli). We assume that l < lˆ. Then, by the definition,
we have xlˆ
iˆ
∈ M \⋃klj=1Bs/10l−1(xlj). Especially, we have xlˆiˆ, xli ≥ s/10l−1. Therefore, we
have Bs/10lˆ+1(x
lˆ
iˆ
)∩Bs/10l+1(xli) = ∅. This is a contradiction. Therefore, we have l = lˆ. By
the definition, we have i = iˆ. Thus, we have Claim 3.2.
It is easy to check the following claim.
Claim 3.3. We have
⋃
i∈NAi(C) ⊂
⋃
l∈N,1≤i≤kl Bs/10l−2(x
l
i)
We have
∑
l∈N,1≤i≤kl
∫
B s
10l+1
(xli)
Fdυ ≥ C
∑
l∈N,1≤i≤kl
υ(B s
10l+1
(xli))
(16)
≥ CC(n)
∑
l∈N,1≤i≤kl
υ(B s
10l−2
(xli)) ≥ CC(n)υ(
⋃
l∈N,1≤i≤kl
B s
10l−2
(xli)).(17)
On the other hand,∑
l∈N,1≤i≤kl
∫
B s
10l+1
(xli)
Fdυ =
∫
⋃
l∈N,1≤i≤kl B s10l+1
(xli)
Fdυ(18)
≤
∫
Bs(z)
Fdυ ≤ C(n)υ(Bs(z))δ.(19)
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Therefore, we have
υ(
⋃
l∈N,1≤i≤kl B s10l−2 (x
l
i))
υ(Bs(m))
≤ δ
C
C(n).
By taking C =
√
δ,K = Bs/102(z) \
⋃
l∈N,1≤i≤kl B s10l−2 (x
l
i), we have the assertion.
Definition 3.4. let (Y, y, υ) be a Ricci limit space, k an integer satisfying k ≤ n and
r, δ positive numbers satisfying r < 1 and δ < 1. Let (Rk)yδ,r, denote the set of points,
w ∈ Y such that for every 0 < s ≤ r, there exists a map Φ from Bs(w) to Rk such that
pi1 ◦Φ = ry and that Φ gives an δs-Gromov-Hausdorff approximation to Bs(Φ(w)). Here,
pi1 is the projection from R
k = R×Rk−1 to R.
Lemma 3.5. We have
⋂
δ>0
(⋃
r>0
(
(Rk)xδ,r \ Cx
))
= Rk \ Cx.
Proof. It is easy to check that
⋂
δ>0
(⋃
r>0
(
(Rk)xδ,r \ Cx
)) ⊂ Rk \ Cx.
We take w ∈ Rk \ Cx. By the definition, for every δ > 0, there exists r > 0 such that for
every 0 < s < r, there exists an δs-Gromov-Hausdorff approximation from (Bs(0k), 0k)
to (Bs(w), w). Here, Bs(0k) ⊂ Rk. On the other hand, by splitting theorem (see [4,
Theorem 9.27]), there exist a pointed proper geodesic space (Ws, ws) and a map Φˆ from
(Bs(w), w) to (Bs(0, ws), (0, ws)) such that piR ◦ Φˆ = rx − x, w and that Φˆ gives an δs-
Gromov-Hausdorff approximation. Here, Bs(0, ws) ⊂ R ×Ws with the product metric√
d2
R
+ d2Ws, piR is the projection from R×Ws to R. By rescaling s−1dRk and [44, Claim
4.4], there exists an Ψ(δ;n)s-Gromov-Hausdorff approximation f from (Bs(ws), ws) to
(Bs(0k−1), 0k−1). We define a map g from Bs(w) to Rk by g(z) = (x, z, f ◦ Φˆ). Let pis be
the canonical retraction from Rk to Bs(g(w)). We put gˆ = pis◦g. Then, it is easy to check
that gˆ gives a Ψ(δ;n)s-Gromov-Hausdorff approximation to (Bs(gˆ(w)), g(w)). Since δ is
arbitrary, we have the assertion.
For every proper geodesic space X , a point x ∈ X and a positive number τ > 0, we
put
Dτx = {w ∈ X ; There exists α ∈ X such that α,w ≥ τ and x, w + w, α = x, α}.
It is easy to check that Dτx is a closed set. By the definition, we have⋃
τ>0
Dτx = X \ Cx.
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Lemma 3.6. Let (Y, y, υ) be a Ricci limit space, k an integer satisfying k ≤ n, δ, r
positive numbers satisfying δ < 1, r < 1, x a point in Y and w a point in (Rk)xδ,r ∩
Leb((Rk)δ,r)\(Cx∪{x}). Then, there exists η(w) > 0 satisfying the following property: For
every 0 < s ≤ η(w), there exist a compact set L ⊂ Bs(w)∩(Rk)δ,r and points x2, x3,··· , xk ∈
Y such that υ(L)/υ(Bs(w)) ≥ 1 − Ψ(δ;n) and that the map Φ = (rx, rx2,··· , rxk) from L
to Rk, gives (1±Ψ(δ;n))-bi-Lipschitz equivalent to the image Φ(L).
Proof. There exists 0 < τ < r such that υ(Bs(w) ∩ (Rk)δ,r)/υ(Bs(w)) ≥ 1 − δ for
every 0 < s < τ and w ∈ Dτx \ Bτ (x). Let (Mi, mi, vol) → (Y, y, υ). We take xi, wi ∈ Mi
satisfying wi → w, xi → x. We fix 0 < s << min{δ, τ}. Then, for every sufficiently large
i, there exists an δs-Gromov-Hausdorff approximation Φi = (Φi1,··· ,Φ
i
k) from (Bs(wi), wi)
to (Bs(0k), 0k) such that Φ
i
1 = rxi − rxi(wi). We put s0 =
√
δs. For convenience, we shall
use the following notations for rescaled metrics s−10 dMi, s
−1
0 dY : vˆol = vol
s−10 dMi , rˆw(α) =
s−10 rw(α), Bˆt(α) = B
s−10 dMi
t (α) = Bs0t(α), υˆ = υ/υ(Bs0(y)), gˆ = s
−1
0 g for a Lipschitz
function g and so on. We also denote the differential section of g as rescaled manifolds
(Mi, s
−1
0 dMi) by dˆg : Mi → T ∗Mi and denote the Riemannian metric of (Mi, s−10 dMi) by
〈·, ·〉s0 = s−20 〈·, ·〉. We remark that (Mi, mi, s−10 dMi, vols
−1
0 dMi ) → (Y, y, s−10 dY , υˆ). The
following claim follows from the proof of splitting theorem (see for instance [4, Lemma
9.8], [4, Lemma 9.10] and [4, Lemma 9.13]).
Claim 3.7. For every sufficiently large i, there exist harmonic functions bˆij on Bˆ1002(wi)(j =
1,··· , k), and points xij ∈ Bˆ√δ−1(wi), (j = 2,··· , k)) such that |bˆij−rˆxij |L∞(Bˆ1002 (wi)) ≤ Ψ(δ;n),
1
vˆol Bˆ1002(wi)
∫
Bˆ1002 (wi)
|dˆbˆij − dˆrˆxij |2s0dvˆol ≤ Ψ(δ;n),
1
vˆol Bˆ1002(wi)
∫
Bˆ1002 (wi)
|〈dˆbˆij , bˆil〉s0 |dvˆol = δjl ±Ψ(δ;n)
and
1
vˆol Bˆ1002(wi)
∫
Bˆ1002 (wi)
|Hess
bˆij
|2s0dvˆol ≤ Ψ(δ;n)
for 1 ≤ j, l ≤ k. Here x = x1i .
We define a nonnegative Borel function Fi on Bˆ1002(wi) by
Fi =
k∑
l=1
Lˆip(bˆil − rˆxil)2 +
∑
l 6=j
|〈dˆbˆil, dˆbˆij〉s0|+
k∑
l=1
(|Hess
bˆil
|s0)2.
By Lemma 3.1, there exists a compact set Ki ⊂ Bˆ100(wi) such that vˆolKi/vˆol Bˆ100(wi) ≥
1−Ψ(δ;n) and that for every α ∈ Ki and 0 < t < 100, we have
1
vˆol Bˆt(α)
∫
Bˆt(α)
Fidvˆol ≤ Ψ(δ;n).
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Claim 3.8. For every sufficiently large i, α ∈ Ki∩Bˆ50(wi) and 0 < t < 50, there exists
a constant C ij(j = 1,··· , k) such that bˆ
i
j = rˆxij + C
i
j ±Ψ(δ;n)t on Bˆt(α) for j = 1,··· , k.
The proof is as follows. By Poincare´ inequality, we have
1
vˆol Bˆt(α)
∫
Bˆt(α)
∣∣∣∣∣(bˆij − rˆxij )− 1vˆol Bˆt(α)
∫
Bˆt(α)
(bˆij − rˆxij)dvˆol
∣∣∣∣∣ dvˆol(20)
≤ tC(n)
√
1
vˆol Bˆt(α)
∫
Bˆt(α)
(Lˆip(bˆi1 − rˆxi))2dvˆol(21)
≤ tΨ(δ;n).(22)
For C > 0, Let Aj(C), denote the set of points β ∈ Bˆt(α), such that∣∣∣∣∣(bˆij(β)− rˆxij(β))− 1vˆol Bˆt(α)
∫
Bˆt(α)
(bˆij − rˆxij)dvˆol
∣∣∣∣∣ ≥ C.
Then, we have
Ψ(δ;n)t ≥ 1
vˆol Bˆt(α)
∫
Bˆt(α)
∣∣∣∣∣(bˆij − rˆxij )− 1vˆol Bˆt(α)
∫
Bˆt(α)
(bˆij − rˆxij)dvol
∣∣∣∣∣ dvˆol(23)
≥ 1
vˆol Bˆt(α)
∫
Aj(C)
∣∣∣∣∣(bˆij − rˆxij )− 1vˆol Bˆt(α)
∫
Bˆt(α)
(bˆij − rˆxij)dvˆol
∣∣∣∣∣ dvˆol(24)
≥ C vˆolAj(C)
vˆol Bˆt(α)
.(25)
Therefore, for above Ψ(δ;n), if we put C =
√
Ψ(δ;n)t, then we have
vˆolAj(C)
vˆol Bˆt(α)
≤
√
Ψ(δ;n).
Here, we assume that Bˆt(β) ⊂ Aj(C) for some β ∈ Bˆt(α) and  > 0. Then, by Bishop-
Gromov volume comparison theorem, we have
C(n)n ≤ vˆolBt(β)
vˆol Bˆt(α)
≤ vˆolAj(C)
vˆol Bˆt(α)
≤
√
Ψ(δ;n).
Therefore, for C(n) above, if we take  =
(
2C(n)−1
√
Ψ(δ;n)
)1/n
, then we have a con-
tradiction. We put  =
(
2C(n)−1
√
Ψ(δ;n)
)1/n
. We take β ∈ Bˆt(α). We also take
βˆ ∈ Bˆ(1−)t(α) satisfying rˆβ(βˆ) < t. Then, there exists γ ∈ Bˆt(βˆ) \ Aj(C). Thus, we
have γ ∈ Bˆt(α). By the definition of Aj(C), we have
bˆij(γ) = rˆxij(γ) +
1
vˆol Bˆ100(α)
∫
Bˆ100(α)
(bˆij − rˆxij)dvˆol±
√
Ψ(δ;n)t.
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By Cheng-Yau’s gradient estimate, we have |∇ˆbˆij |s0 ≤ C(n). Thus, we have
bˆij(β) = rˆxij (β) +
1
vˆol Bˆ100(α)
∫
Bˆ100(α)
(bˆij − rˆxij)dvˆol±Ψ(;n)t.
Therefore we have Claim 3.8.
By an argument similar to the proof of [9, Theorem 3.3], we have the following:
Claim 3.9. For every sufficiently large i, α ∈ Ki ∩ Bˆ50(wi) and 0 < t ≤ 10−5,
there exist a compact set Zt ⊂ Mi, a point zt ∈ Zt and a map φ from (Bˆt(α), α) to
(Bˆt(zt), zt) such that the map Φ = (bˆ
i
1,··· , bˆ
i
k, φ) from Bˆt(α) to Bˆt+Ψ(δ;n)t)(Φ(α)) ⊂ (Rk ×
Zt,
√
d2
Rk
+ (s0−1dMi)2), gives Ψ(δ;n)t-Gromov-Hausdorff approximation.
We put Kˆi = Ki ∩ Bˆ40(wi). Then, we have vˆolKi/vˆol Bˆ40(wi) ≥ 1 − Ψ(δ;n). By
Proposition 2.10, without loss of generality, we can assume that there exist a compact set
K∞ ⊂ Bˆ40(w) and points x∞j ∈ Y (2 ≤ j ≤ k) such that xij → x∞j and Ki → K∞. By
Proposition 2.14, we have υˆ(K∞)/υˆ(Bˆ40(w)) ≥ 1−Ψ(δ;n).
On the other hand, by Proposition 2.9, Claim 3.8 and 3.9, for every α ∈ K∞ and
0 < t ≤ 10−5, there exist a compact metric space Z∞, a point z∞ ∈ Z∞ and a map φ
from (Bˆt(α), α) to (Bt(z∞), z∞) such that the map φˆ = (rˆx, rˆx∞2 ,··· , rˆx∞k , φ) from Bˆt(α) to
Bˆt+Ψ(δ;n)t(φˆ(α)), gives an Ψ(δ;n)t-Gromov-Hausdorff approximation.
We put Kˆ∞ = K∞ ∩ (Rk)δ,r ∩ B10−10s0(w). Then, we have υ(Kˆ∞)/υ(B10−10s0(w)) ≥
1 − Ψ(δ;n). On the other hand, for every α ∈ Kˆ∞ and 0 < t ≤ 10−5, if we take
φ, Z∞, z∞ as above, then, since α ∈ (Rk)δ,r, we have diamZ∞ ≤ Ψ(δ;n)t. Especially,
the map f = (rˆx, rˆx∞2 ,··· , rˆx∞k ) from Bˆt(α) to Bt+Ψ(δ;n)t(f(α)), gives an Ψ(δ;n)t-Gromov-
Hausdorff approximation. Especially, for every α, β ∈ Kˆ∞ satisfying α 6= β, if we put
0 < t = rˆα(β) ≤ 10−5, then we have√√√√(x, αs−10 dY − x, βs−10 dY )2 + k∑
l=2
(x∞l , α
s−10 dY − x∞l , β
s−10 dY )2 = α, β
s−10 dY ±Ψ(δ;n)t
= (1±Ψ(δ;n))α, βs
−1
0 dY .
Therefore, we have the assertion.
Lemma 3.10. Let (Y, y, υ) be a Ricci limit space and x a point in Y . Then, there
exist a collection of compact subsets {Cxk,i}1≤k≤n,i∈N of Y and a collection of points
{xlk,i}2≤l≤k≤n,i∈N ∈ Y satisfying the following properties:
1.
⋃
i∈NC
x
k,i ⊂ Rk for every k.
2. υ(Rk \
⋃
i∈NC
x
k,i) = 0 for every k.
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3. For every z ∈ ⋃i∈N Cxk,i and 0 < δ < 1, there exists Cxk,i such that z ∈ Cxk,i and the
map Φxk,i = (rx, rx2k,i,··· , rxkk,i) from C
x
k,i to R
k gives (1± δ)-bi-Lipschitz equivalent to
the image Φxk,i(C
x
k,i).
Proof. We put
Ak =
⋂
m1∈N
( ⋃
m2∈N
(Rk)x1/m1,1/m2 ∩ Leb((Rk)1/m1,1/m2) \ (Cx ∪ {x})
)
.
Claim 3.11. We have Ak ⊂ Rk and υ(Rk \ Ak) = 0.
The proof is as follows. For
Bk =
⋂
m1∈N
( ⋃
m2∈N
(Rk)x1/m1,1/m2 ∩ (Rk)1/m1,1/m2 \ (Cx ∪ {x})
)
,
by Proposition 7.5, we have, Ak ⊂ Bk, υ(Bk \ Ak) = 0. On the other hand, by Lemma
3.5, we have Bk = Rk \ {Cx ∪ {x}}. Since υ(Cx) = 0, we have Claim 3.11.
For every z ∈ Ak and N ∈ N, we take m2 = m2(z,N) satisfying z ∈ (Rk)x1/N,1/m2 ∩
Leb((Rk)1/N,1/m2) \ (Cx ∪ {x}). By Lemma 3.6, there exists η(z,N) > 0 such that for
every 0 < s ≤ η(z,N), there exist a compact set L(z, s, N) ⊂ Bs(z) ∩ (Rk)1/N,1/m2 and
points x2(z, s, N),··· , xk(z, s, N) ∈ Y such that υ(L(z, s, N))/υ(Bs(z)) ≥ 1 − Ψ(N−1;n)
and that the map Φz,s,N(w) = (x, w, x2(z, s, N), w,··· , xk(z, s, N), w) from L(z, s, N) toRk,
gives (1±Ψ(N−1;n))-bi-Lipschitz equivalent to the image Φz,s,N(L(z, s, N)). We fix R >
1. By Lemma 2.12, there exists pairwise disjoint collection {BsN.Ri (z
N,R
i )}i∈N such that
zN,Ri ∈ Ak ∩BR(y), 0 < sN,Ri ≤ η(zN,Ri , N)/100 and that Ak ∩BR(y) \
⋃m
i=1BsN,Ri
(zN,Ri ) ⊂⋃∞
i=m+1B5sN,Ri
(zN,Ri ) for every m. We put Lˆ(i, N,R) = L(z
N,R
i , 5s
N,R
i , N)∩Ak ∩BR(y) ⊂
Ak ∩BR(y).
Claim 3.12. υ(Ak ∩BR(y) \
⋃
N≥N0,i∈N Lˆ(i, N,R)) = 0 for every N0 ∈ N.
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Because, for every N ≥ N0, we have
υ
(
Ak ∩ BR(y) \
⋃
i∈N
Lˆ(i, N,R)
)
(26)
≤ υ
(⋃
i∈N
(
B5sN,Ri
(zN,Ri ) ∩ Ak ∩BR(y)
)
\
⋃
i∈N
(
L(zN,Ri , 5s
N,R
i , N) ∩ Ak ∩BR(y)
))
(27)
≤
∑
i∈N
υ(B5sN,Ri
(zN,Ri ) \ L(zN,Ri , 5sN,Ri , N))(28)
≤ Ψ(N−1;n)
∑
i∈N
υ(B5sN,Ri
(zN,Ri ))(29)
≤ Ψ(N−1;n)
∑
i∈N
υ(BsN,Ri
(zN,Ri ))(30)
≤ Ψ(N−1;n)υ(B2R(y)).(31)
Therefore, by letting N →∞, we have Claim 3.12.
By Claim 3.12, we have υ(Ak ∩ BR(y) \
⋂
N0
(
⋃
N≥N0,i∈N Lˆ(i, N,R))) = 0. We put
E(i, N,R) = Lˆ(i, N,R) ∩⋂N0∈N(⋃N≥N0,j∈N Lˆ(j, N,R)). Then, we have υ(Ak ∩ BR(y) \⋃
i,N∈NE(i, N,R)) = 0. For every z ∈
⋃
i,N∈NE(i, N,R) and 0 < δ < 1, we take
i, N ∈ N satisfying z ∈ E(i, N,R). We also take N0 ∈ N satisfying N−10 << δ.
Then there exist Nˆ ≥ N0 and iˆ ∈ N such that z ∈ Lˆ(ˆi, Nˆ , R). Then, the map
φ(w) = (x, w, x2(z
Nˆ ,R
iˆ
, sNˆ,R
iˆ
), w,··· , xk(z
Nˆ ,R
iˆ
, sNˆ,R
iˆ
), w) from L(zNˆ ,R
iˆ
, sNˆ,R
iˆ
, Nˆ) to Rk, gives
Ψ(N−1, n)-bi-Lipschitz equivalent to the image. Especially, the map gives (1 ± δ)-bi-
Lipschitz equivalent to the image. We remark that Lˆ(ˆi, Nˆ , R) ⊂ L(zNˆ ,R
iˆ
, sNˆ,R
iˆ
, Nˆ) and
z ∈ Lˆ(ˆi, Nˆ , R)∩⋂l∈N(⋃j≥l,p∈N Lˆ(p, j, R)) = E (ˆi, Nˆ , R). Therefore, if we put x2(i, N,R) =
x2(z
N,R
i , s
N,R
i , R),··· , xk(i, N,R) = xk(z
N,R
i , s
N,R
i , R), then we have the following claim:
Claim 3.13. For every z ∈ ⋃i,N∈NE(i, N,R) and 0 < δ < 1, there exists E(i, N,R)
such that z ∈ E(i, N,R) and that the map φ(w) = (x, w, x2(i, N,R), w,··· , xk(i, N,R), w)
from E(i, N,R) to Rk, gives (1± δ)-bi-Lipschitz equivalent to the image.
By Claim 3.13, it is easy to check the assertion.
Lemma 3.14. With same notaion as in Lemma 3.10, let {Dxk,i,j}j∈N be a collection of
Borel subsets of Cxk,i satisfying υ(C
x
k,i \
⋃
j∈NDxk,i,j) = 0. Then, there exists a collection
of Borel subsets {Exk,i,j} such that Exk,i,j ⊂ Dxk,i,j, υ(Dxk,i,j \ Exk,i,j) = 0 and that for every
k, z ∈ ⋃i,j∈N Exk,i,j and 0 < δ < 1, there exists Exk,i,j such that z ∈ Exk,i,j and that the
map Φxk,i,j = (rx, rx2k,i,··· , rxkk,i) from Exk,i,j to Rk gives (1± δ)-bi-Lipschitz equivalent to the
image Φxk,i,j(Exk,i,j).
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Proof. We fix 1 ≤ k ≤ n. For every M ∈ N, we put BM = {i ∈ N; the map
φ = (rx, rx2k,i,··· , rxkk,i) from C
x
k,i to R
k, gives (1 ± M−1)-bi-Lipschitz equivalent to the
image } and Exk,i,j = Dxk,i,j ∩
⋂
M∈N(
⋃
i∈BM ,j∈NDxk,i,j).
Claim 3.15. υ(Dxk,i,j \ Exk,i,j) = 0.
Because, by Lemma 3.10, we have
⋃
i∈NC
x
k,i ⊂
⋂
M∈N(
⋃
i∈BM C
x
k,i)). On the other
hand, it is easy to check that
⋂
M∈N(
⋃
i∈BM C
x
k,i)) ⊂
⋃
i∈NC
x
k,i. Therefore, we have⋂
M∈N(
⋃
i∈BM C
x
k,i)) =
⋃
i∈NC
x
k,i. Thus, υ(Dxk,i,j \ Exk,i,j) = υ(Dxk,i,j ∩
⋃
l∈NC
x
k,l \ Exk,i,j) =
υ(Dxk,i,j ∩
⋂
M∈N(
⋃
l∈BM C
x
k,l) \ Exk,i,j) = υ(Dxk,i,j ∩
⋂
M∈N(
⋃
l∈BM ,j∈NDxk,l,j) \ Exk,i,j) = 0.
Therefore we have Claim 3.15.
Claim 3.16. For every z ∈ ⋃i,j∈N Exk,i,j and 0 < δ < 1, there exists Exk,i,j such that
z ∈ Exk,i,j and that the map φ from Exk,i,j to Rk defined by φ = (rx, rx2k,i,··· , rxkk,i) gives
(1± δ)-bi-Lipschitz equivalent to the image.
Because, we take M ∈ N and i, j ∈ N satisfying M−1 << δ and z ∈ Exk,i,j. By the
definition, there exist N0 ∈ BM and N1 ∈ N such that z ∈ Dxk,N0,N1. Therefore, we have
z ∈ Dxk,N0,N1 ∩
⋂
Mˆ∈N(
⋃
iˆ∈B
Mˆ
,jˆ∈NDxk,ˆi,jˆ) = Exk,N0,N1 and the map φ = (rx, rx2k,j ,··· , rxkk,j) from
Exk,N0,N1 to Rk, gives (1±M−1)-bi-Lipschitz equivalent to the image. Therefore, we have
Claim 3.16.
Thus, we have the assertion.
The following theorem is the main result in this subsection. See Appendix 7.4 or (2.2)
in [8] or [42, Definition 4.1] for the definition of the measure υ−1.
Theorem 3.17 (Radial rectifiability). Let (Y, y, υ) be a Ricci limit space satisfying
Y 6= {y} and x a point in Y . Then, there exist a collection of Borel subsets {Cxk,i}1≤k≤n,i∈N
of Y , a collection of points {xlk,i}2≤l≤k≤n,i∈N of Y , a positive number 0 < α(n) < 1 and a
Borel subset A of [0, diamY ) such that the following properties hold:
1.
⋃
i∈NC
x
k,i ⊂ Rk,α(n) \ Cx.
2. υ(Rk \
⋃
i∈NC
x
k,i) = 0.
3. For every Cxk,i and z ∈ Cxk,i, we have limr→0 υ(Br(z) ∩ Cxk,i)/υ(Br(z)) = 1.
4. For every Cxk,i, there exists A
x
k,i > 1 such that (A
x
k,i)
−1 ≤ υ(Br(z))/rk ≤ Axk,i holds
for every z ∈ Cxk,i and 0 < r < 1.
5. The limit measure υ and k-dimensional Hausdorff measure Hk are mutually abso-
lutely continuous on Cxk,i.
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6. For every z ∈ ⋃i∈NCxk,i and 0 < δ < 1, there exists Cxk,i such that z ∈ Cxk,i and that
the map Φxk,i = (rx, rx2k,i,··· , rxkk,i) from C
x
k,i to R
k gives (1±δ)-bi-Lipschitz equivalent
to the image Φxk,i(C
x
k,i).
7. H1([0, diamY ) \ A) = 0.
8. For every R ∈ A, the collection {∂BR(x) ∩ Cxk,i} ⊂ ∂BR(x) \ Cx satisfies following
properties:
(a) υ−1
(
(∂BR(x) \ Cx) \
⋃
1≤k≤n,i∈NC
x
k,i
)
= 0.
(b) For every ∂BR(x) ∩ Cxk,i, there exist Bxk,i > 1 and τxk,i > 0 such that (Bxk,i)−1 ≤
υ−1(∂BR(x) ∩ Br(z) \ Cx)/rk−1 ≤ υ−1(∂BR(x) ∩ Br(z))/rk−1 ≤ Bxk,i for every
z ∈ ∂BR(x) ∩ Cxk,i and 0 < r < τxk,i.
(c) For every z ∈ ⋃i∈N(∂BR(x) ∩ Cxk,i) and 0 < δ < 1, there exists ∂BR(x) ∩
Cxk,i such that z ∈ ∂BR(x) ∩ Cxk,i and that the map Φˆxk,i = (rx2k,i,··· , rxkk,i)
from ∂BR(x) ∩ Cxk,i to Rk−1, gives (1 ± δ)-bi-Lipschitz equivalent to the im-
age Φˆxk,i(∂BR(x) ∩ Cxk,i).
Especially, ∂BR(x) \ Cx is υ−1-rectifiable.
Proof. First, we shall prove the following claim:
Claim 3.18. For every R > 0, z ∈ BR(x) \ {x} and 0 <  < min{z, x/100, 1}, we
have υ−1(∂Bx,z(x) ∩B(z)) ≤ C(n)υ(B(z))/.
Because, by [43, Corollary 5.7], we have
υ−1(∂Bx,z(x) ∩ B(z))
vol ∂Bx,z(p)
≤ C(n)υ(Cx(∂Bx,z(x) ∩ B(z)) ∩ Ax,z−2,x,z(x))
volAx,z−2,x,z(p)
.
Here Cx(A) = {z ∈ Y ; there exists a ∈ A such that x, z + z, a = z, a} for every subset
A of Y . On the other hand, by triangle inequality, we have Cx(∂Bx,z(x) ∩ B(z)) ∩
Ax,z−2,x,z(x) ⊂ B100(z). Thus, we have
υ−1(∂Bx,z(x) ∩B(z)) ≤
vol ∂Bx,z(p)
volAx,z−2,x,z(p)
υ(B100(z))C(n) ≤ C(n,R)1

υ(B(z)).
Therefore, we have Claim 3.18.
We take collections of Borel sets {Cxk,i} and of points {xlk,i} as in Lemma 3.10. By
Lemma 3.14, without loss of generality, we can assume that for every Cxk,i, there exists
τ > 0 such that Cxk,i ⊂ Dτx \Bτ (x). Moreover, by [9, Theorem 3.23] and [9, Theorem 4.6],
we can assume that for every Cxk,i, there exists A
x
k,i > 1 such that for every 0 < r < 1 and
z ∈ Cxk,i, we have (Axk,i)−1 ≤ υ(Br(z))/rk ≤ Axk,i. By Proposition 7.5, we can also assume
that for every Cxk,i and z ∈ Cxk,i, we have limr→0 υ(Br(z) ∩ Cxk,i)/υ(Br(z)) = 1.
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Claim 3.19. Let (Y, y, υ) be a Ricci limit space, x a point in Y , τ, R positive numbers
satisfying 0 < τ < 1, R > 1, and z a point in Dτx ∩ BR(x) \ Bτ (x). Then, we have
υ(∂Bx,z(x) ∩B(z) \ Cx) ≥ C(n,R)υ(B(z))/ for every 0 <  < τ/100.
The proof is as follows. We take w ∈ Y satisfying z, w = /100 and x, z+ z, w = x, w.
By [43, Theorem 4.6 ], we have
υ(B 
1000
(w))
volAx,z,x,z+(p)
≤ C(n)υ−1
(
Cx(B 
1000
(w)) ∩ ∂Bx,z(x)
)
vol ∂Bx,z(p)
.
By triangle inequality, we have Cx(B/1000(w)) ∩ ∂Bx,z(x) ⊂ ∂Bx,z(x) ∩ B(z). Thus, by
Bishop-Gromov volume comparison theorem for υ,
υ−1(∂Bx,z(x) ∩B(z) \ Cx) ≥ C(n)
vol ∂Bx,z(p)
volAx,z,x,z+(p)
υ(B/1000(w))(32)
≥ C(n,R)1

υ(B 
1000
(w))(33)
≥ C(n,R)1

υ(B5(w))(34)
≥ C(n,R)υ(B(z))

.(35)
Therefore we have Claim 3.19.
By Claim 3.18 and 3.19, for every Cxk,i, there exist B
x
k,i > 1 and τ
x
k,i > 0 such that for
every z ∈ Cxk,i and 0 < r < τxk,i, we have (Bxk,i)−1 ≤ υ(∂Bx,z(x) ∩ Br(z) \ Cx)/rk ≤ Bxk,i.
We put Aˆ = {t ∈ [0, diamY ); υ−1(∂Bt(x) \
⋃
Cxk,i) = 0}. Since υ(Y \
⋃
Cxk,i) = 0,
by [43, Proposition 5.1] and [43, Theorem 5.2], we have, Aˆ is H1-Lebesgue measurable,
H1([0, diamY ) \ Aˆ) = 0. Since υ is a Radon measure, there exists a Borel set A ⊂ Aˆ such
that H1(Aˆ \A) = 0. Thus we have the assertion.
3.2 Calculation of radial derivative for Lipschitz functions
The purpose in this subsection is to calculate the radial derivative of Lipschitz functions:
〈drx, df〉 explicitly. The main result in this subsection is Theorem 3.33.
Lemma 3.20. Let (Y, y) be a Ricci limit space satisfying Y 6= {y}, z a point in Y \Cy,
f a Lipschitz function on Y , τ a positive number and γi an isometric embedding from
[0, y, z+ τ ] to Y satisfying γi(0) = y and γi(y, z) = z(i = 1, 2). We put fi = f ◦ γi. Then,
we have lipf1(y, z) = lipf2(y, z) and Lipf1(y, z) = Lipf2(y, z).
Proof. For every real number  satisfying 0 < || << τ , by splitting theorem (see
[4, Theorem 9.25] or [6, Theorem 6.64]), we have γ1(x, z + ), γ2(x, z + ) ≤ Ψ(||;n)||.
Therefore, we have
|f ◦ γ1(x, z + )− f ◦ γ1(x, z)|
|| ≤
|f ◦ γ2(x, z + )− f ◦ γ2(x, z)|
|| + LipfΨ(||;n).
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Thus, we have Lipf1(y, z) ≤ Lipf2(y, z) and lipf1(y, z) ≤ lipf2(y, z). Therefore we have
Lipf1(y, z) = Lipf2(y, z) and lipf1(y, z) = lipf2(y, z).
We shall give the following definition:
Definition 3.21. Let (Y, y) be a Ricci limit space, z a point in Y \ Cy, τ a positive
number, γ an isometric embedding from [0, y, z+τ ] to Y satisfying γ(0) = y and γ(y, z) =
z. We put F = f ◦ γ. Then, we put liprady f(z) = lipF (y, z) and Liprady f(z) = LipF (y, z).
Theorem 3.22. Let (Y, y, υ) be a Ricci limit space, x a point in Y and f a Lipschitz
function on Y . Then, we have the following:
1. lipf(z)2 = lipradx f(z)
2 + lip(f |∂Bx,z(x))(z)2 for a.e. z ∈ Y .
2. Lipf(z)2 = Lipradx f(z)
2 + Lip(f |∂Bx,z(x))(z)2 for a.e. z ∈ Y .
3. Lip(f |∂Bx,z(x))(z) = lip(f |∂Bx,z(x)\Cx)(z) for a.e. z ∈ Y \ Cx.
Proof. First we shall remark the following:
Claim 3.23. Let f be a Lipschitz function onRk. Then, we have Lipf(z)2 = (Lip(f |R×{z2,···,zk})(z))2
+ (Lip(f |{z1}×Rk−1)(z))2 = (lip(f |R×{z2,···,zk})(z))2 + (lip(f |{z1}×Rk−1)(z))2 = lipf(z)2 for
a.e z = (z1,··· , zk) ∈ Rk.
Because, by Rademacher’s theorem for Lipschitz functions on Rk, the function f is
totally differentiable at a.e z ∈ Rk. Therefore we have Claim 3.23.
The next claim is clear:
Claim 3.24. Let Zi be metric spaces (i = 1, 2), δ a positive number with 0 < δ < 1,
and Φ a map from Z1 to Z2 satisfying Φ(Zi) = Z2 and (1 − δ)x1, x2 ≤ Φ(x1),Φ(x2) ≤
(1 + δ)x1, x2 for every x1, x2 ∈ Z1. Then, for every Lipschitz function f on Z2, we have,
(1 − Ψ(δ))Lipf(Φ(z1)) ≤ Lip(f ◦ Φ)(z1) ≤ (1 + Ψ(δ))Lipf(z1), (1 − Ψ(δ))lipf(Φ(z1)) ≤
lip(f ◦ Φ)(z1) ≤ (1 + Ψ(δ))lipf(Φ(z1)) for every z1 ∈ Z1.
We will give a proof of the following claim in appendix.
Claim 3.25. For every Lebesgue measurable A ⊂ Rk, we put sl1 − LebA = {a =
(a1,··· , ak) ∈ A; limr→0Hk−1({a1} × Br(a2,··· , ak) ∩ A)/Hk−1({a1} × Br(a2,··· , ak)) = 1}.
Then we have the following:
1. The set sl1 − LebA is a Lebesgue measurable set.
2. For every t ∈ R, Hk−1(A ∩ {t} ×Rk−1 \ sl1 − LebA) = 0.
3. Hk(A \ sl1 − LebA) = 0.
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We put L = Lipf . We take collections of Borel sets {Cxk,i}1≤k≤n,i∈N and of points
{xlk,i}2≤k≤n,i∈N,2≤l≤k as in Theorem 3.17. We fix a sufficiently small δ > 0 and Ck,i
satisfying that the map Φxk,i = (rx, rx2k,i,··· , rxkk,i) from C
x
k,i to R
k, gives (1± δ)-bi-Lipschitz
equivalent to the image. Then we put a function fxk,i = f ◦ (Φxk,i)−1 on Φxk,i(Cxk,i). and take
a Lipschitz function F xk,i on R
k satisfying F xk,i|Φxk,i(Cxk,i) = fxk,i and LipF xk,i = Lipfxk,i.
Claim 3.26. With notation as above, we have the following:
1. (1 − Ψ(δ;n))LipF xk,i(w) ≤ Lipf((Φxk,i)−1(w)) ≤ (1 + Ψ(δ;n))LipF xk,i(w) for a.e w ∈
Φxk,i(C
x
k,i).
2. (1 − Ψ(δ;n))lipF xk,i(w) ≤ lipf((Φxk,i)−1(w)) ≤ (1 + Ψ(δ;n))lipF xk,i(w) for a.e w ∈
Φxk,i(C
x
k,i).
3. Lip(F xk,i|R×{w2,···,wk})(w)−LΨ(δ;n) ≤ Lipradx f((Φxk,i)−1(w)) ≤ Lip(F xk,i|R×{w2,···,wk})(w)+
LΨ(δ;n) for a.e w = (w1,··· , wk) ∈ Φxk,i(Cxk,i).
4. lip(F xk,i|R×{w2,···,wk})(w)−LΨ(δ;n) ≤ lipradx f((Φxk,i)−1(w)) ≤ lip(F xk,i|R×{w2,···,wk})(w)+
LΨ(δ;n) for a.e w = (w1,··· , wk) ∈ Φxk,i(Cxk,i).
5. (1−Ψ(δ;n))Lip(F xk,i|{w1}×Rk−1)(w) ≤ Lip(f |∂Bx,(Φx
k,i
)−1(w)(x)∩C
x
k,i
)((Φxk,i)
−1(w)) ≤ (1+
Ψ(δ;n))Lip(F xk,i|{w1}×Rk−1)(w) for a.e. w = (w1,··· , wk) ∈ Φxk,i(Cxk,i).
6. (1 − Ψ(δ;n))lip(F xk,i|{w1}×Rk−1)(w) ≤ lip(f |∂Bx,(Φx
k,i
)−1(w)(x)∩C
x
k,i
)((Φxk,i)
−1(w)) ≤ (1 +
Ψ(δ;n))lip(F xk,i|{w1}×Rk−1)(w) for a.e. w = (w1,··· , wk) ∈ Φxk,i(Cxk,i).
The proof is as follows. First, we shall check the statement 1. We put Cxk,i =
Leb(Φxk,i(C
x
k,i))∩Φxk,i(LebCxk,i). Then, we have Hk(Φxk,i(Cxk,i)\Cxk,i) = 0. By Claim 3.24 and
Proposition 7.5, we have (1−Ψ(δ))Lip(F xk,i|Φk,i(Cxk,i))(w) ≤ Lip(f |Cxk,i)((Φxk,i)−1(w)) ≤ (1+
Ψ(δ))Lip(F xk,i|Φxk,i(Cxk,i))(w), Lip(F xk,i|Φxk,i(Cxk,i))(w) = LipF xk,i(w) and Lip(f |Cxk,i)((Φxk,i)−1(w)) =
Lipf((Φxk,i)
−1(w)) for every w ∈ Cxk,i. Therefore we have the statement 1. Similarly, we
have the statement 2.
Next, we shall give a proof of statement 3. We put Cx,fk,i = sl1−LebCxk,i∩{w ∈ Rk;F xk,i
is totally differentiable at w.}. Then, by Claim 3.25, we have Hk(Cxk,i \Cx,fk,i ) = 0.
We take a point w ∈ Cx,fk,i and put w = w + (, 0,··· , 0) for every  > 0. Since w ∈
LebCxk,i, there exists wˆ ∈ Cxk,i such that w, wˆ ≤ a()(a(τ)→ 0 as τ → 0). Clearly, (1−
δ)(−a()) ≤ (1− δ)w, wˆ ≤ (Φxk,i)−1(w), (Φxk,i)−1(wˆ) ≤ (1+ δ)w, wˆ ≤ (1+ δ)(+a()).
We define the projection pi1 from R
k to R by pi1(w) = w1. Then we have x, (Φxk,i)
−1(wˆ) =
pi1(wˆ) = pi1(w)± a() = pi1(w) + ± a() = x, (Φxk,i)−1(w) + (Φxk,i)−1(w), (Φxk,i)−1(wˆ)±
(δ + a()). By Lemma 3.14, without loss of generality, we can assume that there exists
τ0 > 0 such that Ck,i ⊂ Dτ0x . We take an isometric embedding γ from [0, x, (Φxk,i)−1(w)+τ0]
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to Y satisfying γ(0) = x and γ(x, (Φxk,i)
−1(w)) = (Φxk,i)
−1(w). Then, by rescaling −1dY
and splitting theorem, we have (Φxk,i)
−1(wˆ), γ(x, (Φxk,i)−1(w) + ) ≤ Ψ(a(), δ;n). For
 << τ0, we have
|F xk,i(w)− F xk,i(w)|

≤ |F
x
k,i(w)− F xk,i(wˆ)|

+ La()
≤ |f((Φ
x
k,i)
−1(w))− f(γ(x, (Φxk,i)−1(w) + ))|

+ LΨ(a(), δ;n).
By letting → 0, we have Lip(F xk,i|R×{w2,···,wk})(w) ≤ Lipradx f((Φxk,i)−1(w))+LΨ(δ;n).We
take a sequence {i} such that j → 0 and that
lim
j→∞
|f ◦ (Φxk,i)−1(w)− f(γ(x, (Φxk,i)−1(w) + j))|
|j | = Lip
rad
x f((Φ
x
k,i)
−1(w)).
We fix j ∈ N. We assume that j > 0. Since (Φxk,i)−1(w) ∈ LebCxk,i, there exists
wˆ(j) ∈ Cxk,i such that wˆ(j), γ(x, (Φxk,i)−1(w) + j) ≤ τjj(τj → 0 as j → ∞). Then, we
have
pi1(wˆ(j))− pi1(w) = x, wˆ(j)− x, (Φxk,i)−1(w)(36)
= x, γ(x, (Φxk,i)
−1(w) + j)± τjj(37)
= j ± τjj(38)
= γ(x, (Φxk,i)
−1(w) + j), (Φxk,i)−1(w)± τjj(39)
≥ (1− δ)Φxk,i(wˆ(j)), w − τjj .(40)
On the other hand, since Φxk,i(wˆ(j)), w ≤ (1+δ)j+τjj , we have w + (j , 0,··· , , 0),Φxk,i(wˆ(j)) ≤
Ψ(|j|, δ;n)|j|. Similarly, we have the inequality above in the case j < 0. We put
w(j) = w + (j , 0,··· , 0). Then, we have
|f((Φxk,i)−1(w))− f(γ(x, (Φxk,i)−1(w)) + j))
|j| ≤
|F xk,i(w)− F xk,i(Φxk,i(wˆ(j)))|
|j | + Lτj
≤ |F
x
k,i(w)− F xk,i(w(j))|
|j| + LΨ(|j|, τj , δ;n).
By letting j →∞, we have the statement 3. Similarly, we have the statement 4.
We shall give a proof of the statement 5. we take w ∈ Cxfk,i. By Claim 3.24, we have
(1−Ψ(δ))Lip(F xk,i|{w1}×Rk−1∩Cxk,i)(w) ≤ Lip(f |(Φxk,i)−1({w1}×Rk−1∩Cxk,i))(Φxk,i)−1(w)(41)
≤ (1 + Ψ(δ))Lip(F xk,i|{w1}×Rk−1∩Cxk,i)(w).(42)
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We remark that (Φxk,i)
−1({w1} ×Rk−1 ∩Cxk,i) = ∂Bx,(Φxk,i)−1(w)(x) ∩C
x
k,i. By Proposition
7.7, we have Lip(F xk,i|{w1}×Rk−1∩Cxk,i)(w) = Lip(F xk,i|{w1}×Rk−1)(w). Therefore, by Claim
3.24, we have
(1−Ψ(δ))Lip(F xk,i|{w1}×Rk−1)(w) ≤ Lipf |∂Bx,(Φx
k,i
)−1(w)(x)∩C
x
k,i
)((Φxk,i)
−1(w))(43)
≤ Lip(f |∂B
x,(Φx
k,i
)−1(w)(x)∩C
x
k,i
)(Φxk,i)
−1(w))(44)
≤ (1 + Ψ(δ))Lip(F xk,i|{w1}×Rk−1∩Φxk,i(Cxk,i))(w)(45)
≤ (1 + Ψ(δ))Lip(F xk,i|{w1}×Rk−1)(w).(46)
Thus we have the statement 5. Similarly, we have the statement 6.
Therefore we have Claim 3.26.
Claim 3.27. With same notation as in Claim 3.26, we have
lip(f |∂B
x,(Φx
k,i
)−1(w)(x)∩C
x
k,i
)((Φxk,i)
−1(w)) ≥ Lip(f∂B
x,(Φx
k,i
)−1(x)
)((Φxk,i)
−1(w))−Ψ(δ;n, L)
for a.e w ∈ Φxk,i(Cxk,i).
The proof is as follows. We will use same notaion as in the proof of Claim 3.26. We take
w ∈ Φxk,i(Leb(Φxk,i)−1(Cx,fk,i )) and put z = (Φxk,i)−1(w). First, we assume k ≥ 2. We shall
prove that z ∈ ∂Bx,z(x) is not an isolated point in ∂Bx,z(x)\Cx. Because, by the definition
of sl1 − Leb(Cxk,i), there exists a sequence {β(j)} ∈ Cxk,i such that pi1(β(j)) = pi1(w),
β(j) 6= w and β(j)→ w. Then, we have (Φxk,i)−1(β(j)) 6= z, (Φxk,i)−1(β(j)) ∈ ∂Bx,z(x)\Cx
and (Φxk,i)
−1(β(j))→ z. Therefore, z is not an isolated point in ∂Bx,z(x) \ Cx.
We take a sequence {z(j)} ∈ ∂Bx,z(x) \ {z} such that z(j) → z and that |f(z(j))−
f(z)|/z(j), z → Lip(f |∂Bx,z(x))(z). We put ηj = z(j), z > 0. Since z ∈ Leb(Φxk,i)−1(Cx,fk,i ),
there exists zˆ(j) ∈ (Φxk,i)−1(Cx,fk,i ) such that z(j), zˆ(j) ≤ τˆjηj(τˆj → 0 as j →∞). We put
α(j) = Φxk,i(zˆ(j)). Thus, we have |pi1(α(j))−pi1(w)| ≤ (1+ δ)τˆjηj . Therefore, there exists
αˆ(j) ∈ {w1} ×Rk−1 such that w(j), αˆ(j) ≤ Ψ(τˆj ;n)ηj . Then, we have
|f(z(j))− f(z)|
z(j), z
≤ |f(zˆ(j))− f(z)|
ηj
+ Lτˆj(47)
≤ |F
x
k,i(w(j))− F xk,i(w)|
ηj
+Ψ(τˆj;n, L)(48)
≤ |F
x
k,i(αˆ(j))− F xk,i(w)|
αˆ(j), w
αˆ(j), w
ηj
+ LΨ(τˆj ;n, L).(49)
By letting j → ∞, we have Claim 3.27 for the case k ≥ 2. Next, we assume k = 1. It
suffices to check that z is an isolated point in ∂Bx,z(x). We assume that z is not an isolated
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point in ∂Bx,z(x). Then, there exists a sequence {z(i)} ∈ ∂Bx,z(x)\{z} such that z(i)→ z.
We take an isometric embedding γ from [0, x, z+ τ0] to Y such that γ(0) = x, γ(x, z) = z.
Here τ0 is a positive constant. We put (i) = z, z(i). Then we have z(i), γ(x, z − i) ≥
x, z(i)− x, γ(x, z − i) = i, z(i), γ(x, z + i) ≥ x, γ(x, z + i)− x, z(i) = i. On the other
hand, by Proposition 2.9, without loss of generality, we can assume that (Y, −1i dY , z)
converges to some tangent cone (TzY, 0z) at z. By the argument above and splitting
theorem, there exists a pointed proper geodesic space (W,w) such that TzY = R ×W
and that W 6= {w}. On the other hand, z ∈ C1,i ⊂ R1. This is a contradiction. Therefore
we have the Claim 3.27 for the case k = 1.
By Claim 3.23, 3.26 and 3.27, for every N ∈ N, we have Lipf(z)2 = Lipradx f(z)2 +
Lip(f |∂Bx,z(x))(z)2±N−1 = lipradx f(z)2+ lip(f |∂Bx,z(x)\Cx)(z)2±N−1 = lipf(z)2±N−1 for
a.e. z ∈ Y \ Cx. Therefore, we have the assertion.
Remark 3.28. For every Ricci limit space (Y, y, υ) and Lipschitz function f on Y , by
[4, Corollary 6.36], we have lipf(x) = Lipf(x) for a.e. x ∈ Y .
By an argument similar to the proof of Lemma 3.20, we have the following:
Lemma 3.29. Let (Y, y) be a Ricci limit space satisfying Y 6= {y}, z a point in Y \Cy,
f a Lipschitz function on Y , τ a positive number and γ an isometric embedding from
[0, y, z+ τ ] to Y satisfying γ(0) = y and γ(y, z) = z. We assume that the limit limr→0(f ◦
γ(y, z + r) − f(z))/r exists. Then, for every isometric embedding γˆ : [0, y, z + τ ] → Y
such that γ(0) = y and that γ(y, z) = z, we have limr→0(f ◦ γˆ(y, z + r) − f(z))/r =
limr→0(f ◦ γ(y, z + r)− f(z))/r.
We shall give the following definition:
Definition 3.30. Let (Y, y) be a Ricci limit space satisfying Y 6= {y}, f a Lipschitz
function on Y . We put
Ay =
{
x ∈ Y \ Cy; The limit lim
r→0
f ◦ γ(x, y + r)− f(x)
r
exists
}
.
Here γ is an isometric embedding from [0, y, x+ τ ] (τ > 0) to Y satisfying γ(0) = y and
γ(y, x) = x. For x ∈ Ay, we put
df
dry
(x) = lim
r→0
f ◦ γ(x, y + r)− f(x)
r
.
Similarly, we have the following lemma:
Lemma 3.31. Let (Y, y) be a Ricci limit space satisfying Y 6= {y}, z a point in Y \Cy,
f a Lipschitz function on Y , τ a positive number and γi(i = 1, 2) isometric embeddings
from [0, y, z + τ ] to Y satisfying γ(0) = y and γ(y, z) = z. Then, we have lim infr→0 |f ◦
γ1(y, z + r)− f(z)|/|r| = lim infr→0 |f ◦ γ2(y, z + r)− f(z)|/|r|.
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With same notaion as in Lemma 3.31, we put Liprad
x
f(z) = lim infr→0 |f ◦ γ1(y, z +
r)− f(z)|/|r|.
Lemma 3.32. Let (Y, y, υ) be a Ricci limit space, x a point in Y and f a Lipschitz
function on Y . Then, we have Liprad
x
f(z) = Lipradx f(z) for a.e. z ∈ Y .
Proof. We will use same notaion as in the proof of Claim 3.26. We put L = Lipf .
We take a sufficiently small 0 < δ < 1 and a Borel set Cxk,i such that the map Φ
x
k,i =
(rx, rx2k,i,··· , rxkk,i) from C
x
k,i to R
k, gives a (1 ± δ)-bi-Lipschitz equivalent to the image.
We take w ∈ Cx,fk,i and put z = (Φxk,i)−1(w). We choose an isometric embedding γ from
[0, x, z+ τ ] to Y such that γ(0) = x, γ(x, z) = z. Here, τ is a positive constant. We take a
sequence of real number, {i} such that i → 0 and limi→∞ |f ◦ γ(x, z + i)− f(z)|/|i| =
Liprad
x
f(z). By an argument similar to the proof of Claim 3.13, there exists wˆ(j) ∈ Cxk,i
such that wˆ(j), γ(x, z + j) ≤ τj |j|(τj → 0 as j →∞) and that
|f(z)− f(γ(x, z + j))|
|j | =
|F xk,i(w)− F xk,i(Φxk,i(wˆ(j)))|
|j| − 2Lτj(50)
≥ |F
x
k,i(w)− F xk,i(wj)|
|j| −Ψ(τj , δ;n, L).(51)
By letting j →∞, we have Liprad
x
f(z) ≥ Lip(F xk,i|R×{w2,···,wk})(w)−Ψ(δ;n, L) ≥ Lipradx f(z)−
Ψ(δ;n, L). Therefore, we have the assertion.
Thus, we have
Lipradx f(z) = lim
h→0
|f ◦ γ(x, z + h)− f(z)|
|h|
for a.e. z ∈ Y \ Cx.
Theorem 3.33 (Radial derivative for Lipschitz functions). Let (Y, y, υ) be a Ricci
limit space satisfying Y 6= {y}, x a point in Y and f a Lipschitz function on Y . Then,
we have υ(Y \ Ax) = 0 and
df
drx
(z) = 〈df, drx〉(z)
for a.e. z ∈ Ax.
Proof. For every w ∈ Y \ Cx, there exist τ > 0 and an isometric embedding γ from
[0, x, z+τ ] to Y such that γ(0) = x and γ(x, w) = w. Then, by Theorem 3.22 and Lemma
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3.32, for a.e. w ∈ Y \ Cx, we have
〈drx, df〉(w) = 1
2
(Lip(rx + f)(w)
2 − Lipf(w)2 − Liprx(w)2)
=
1
2
(Lipradx (rx + f)(w)
2 + Lip((rx + f)|∂Bx,z(x)\Cx)(w)2
− Lipradx f(w)2 − Lip(f |∂Bx,z\Cx)(w)2 − 1)
=
1
2
(Lipradx (rx + f)(w)
2 + Lip(f |∂Bx,z(x)\Cx)(w)2
− Lipradx f(w)2 − Lip(f |∂Bx,z\Cx)(w)2 − 1)
=
1
2
(Lipradx (rx + f)(w)
2 − Lipradx f(w)2 − 1)
=
1
2
(
lim
h→0
|(rx + f) ◦ γ(x, w + h)− (rx + f)(w)|2
|h|2 − limh→0
|f ◦ γ(x, w + h)− f(w)|2
|h|2 − 1
)
=
1
2
(
lim
h→0
∣∣∣∣1 + f ◦ γ(x, w + h)− f(w)h
∣∣∣∣2 − limh→0 |f ◦ γ(x, w + h)− f(w)|
2
|h|2 − 1
)
(
Here, we have the existence of the limit lim
h→0
f ◦ γ(x, w + h)− f(w)
h
.
)
=
1
2
(
1 + 2 lim
h→0
f ◦ γ(x, w + h)− f(w)
h
+ lim
h→0
|f ◦ γ(x, w + h)− f(w)|2
|h|2
− lim
h→0
|f ◦ γ(x, w + h)− f(w)|2
|h|2 − 1
)
= lim
h→0
f ◦ γ(x, w + h)− f(w)
h
=
df
drx
(w).
3.3 Rectifiability associated with Lipschitz functions
In this section, we will give a generalization of Theorem 3.17. First, we shall state the
following lemma:
Lemma 3.34. Let δ be a positive number, {(Mi, mi)}i a sequence of n-dimensional
complete Riemannian manifolds with RicMi ≥ −δ(n − 1), (Y, y, υ) an (n,−δ)-Ricci limit
space of {(Mi, mi, vol)}i, x, x1, x2 points in Y , x(i), x1(i), x2(i) points in Mi, bi1 a har-
monic function on B100(x(i)) and b
∞
1 a Lipschitz function on B100(x). We assume that
x, x1 ≥ δ−1, x, x2 ≥ δ−1, x, x1 + x, x2 − x1, x2 ≤ δ, x(i) → x, xj(i) → xj(i)(j = 1, 2),
supi Lipb
i
1 <∞, bi1 → b∞1 on B100(x),
|bi1 − rx1(i)|L∞(B100(x(i))) ≤ δ,
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1volB100(x(i))
∫
B100(x(i))
|∇bi1 −∇rx1(i)|2dvol ≤ δ
and
1
volB100(x(i))
∫
B100(x(i))
|Hessbi1 |2dvol ≤ δ.
Then, we have
1
υ(B1(x))
∫
B1(x)
|db∞1 − drx1|2dυ < Ψ(δ;n).
We remark that Lemma 3.34 does not follows from [4, Lemma 9.10] directly. We shall
give a proof of Lemma 3.34 in the proof of the following Lemma 3.35.
Lemma 3.35. Let δ be a positive number, {(Mi, mi)}i a sequence of n-dimensional
complete Riemannian manifolds with RicMi ≥ −δ(n − 1), (Y, y, υ) an (n,−δ)-Ricci limit
space of {(Mi, mi, vol)}i, x, xj(j = 1, 2, 3, 4) points in Y and x(i), xj(i)(j = 1, 2, 3, 4)
points in Mi. We assume that x(i) → x, xj(i) → xj(j = 1, 2, 3, 4)), x, xj ≥ δ−1, x, x1 +
x, x2 − x1, x2 ≤ δ and x, x3 + x, x4 − x3, x4 ≤ δ. Then, for every sufficiently large i, we
have
1
υ(B1(x))
∫
B1(x)
〈drx1, drx2〉dυ =
1
volB1(x(i))
∫
B1(x(i))
〈drx1(i), drx2(i)〉dvol±Ψ(δ;n)
1
υ(B1(x))
∫
B1(x)
∣∣∣∣〈drx1, drx2〉dυ − 1υ(B1(x))
∫
B1(x)
〈drx1, drx2〉dυ
∣∣∣∣ dυ < Ψ(δ;n)
and
1
volB1(x(i))
∫
B1(x(i))
∣∣∣∣〈drx1(i), drx2(i)〉 − 1υ(B1(x))
∫
B1(x)
〈drx1, drx2〉dυ
∣∣∣∣ dvol < Ψ(δ;n)
Proof. First, we remark the following claim:
Claim 3.36. For every sufficiently large i, there exist harmonic functions bi1,b
i
3 on
B100(x(i)) such that Lipb
i
j ≤ C(n), |bij − rxj(i)|L∞(B100(x(i))) ≤ Ψ(δ;n),
1
volB100(x(i))
∫
B100(x(i))
|dbij − drxj(i)|2dvol ≤ Ψ(δ;n)
and
1
volB100(x(i))
∫
B100(x(i))
|Hessbij |2dvol ≤ Ψ(δ;n)
for j = 1, 3.
See [4, Lemma 9.8, Lemma 9.10, Lemma 9.13] or [6, Lemma 6.15, Lemma 6.22, Propo-
sition 6.60] for the proof of Claim 3.36.
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Since C(n)(|Hessbi1 |2 + |Hessbi3 |2) is an upper gradient of 〈dbi1, dbi3〉, by Poincare´ in-
equality, we have
1
volB100(x(i))
∫
B100(x(i))
∣∣∣∣〈dbi1, dbi3〉 − 1volB100(x(i))
∫
B100(x(i))
〈dbi1, dbi3〉dvol
∣∣∣∣ dvol
≤ C(n) 1
volB100(x(i))
∫
B100(x(i))
(
|Hessbi1 |2 + |Hessbi3 |2
)
dvol ≤ Ψ(δ;n).
Therefore, we have
1
volB100(x(i))
∫
B100(x(i))
∣∣∣∣〈dbi3, drx1(i)〉 − 1volB100(x(i))
∫
B100(x(i))
〈dbi3, drx1(i)〉dvol
∣∣∣∣ dvol
≤ Ψ(δ;n).
By Proposition 2.11, without loss of generality, we can assume that there exists Lipschitz
functions b∞1 ,b
∞
3 on B100(x) such that b
i
j → b∞j on B100(x). By Theorem 3.33, there
exists a Borel set A ⊂ B100(x) \ Cx1 such that υ(B100(x) \ A) = 0 and that
lim
h→0
f ◦ γ(x1, a+ h)− f(a)
h
= 〈drx1, db∞3 〉(a)
for every a ∈ A and minimal geodesic γ from x1 to a. By Lusin’s theorem, there exists a
Borel set A(δ) ⊂ A such that υ(A\A(δ)) < δυ(B1(x)) and that the function 〈drx1, df〉|A(δ)
is continuous. For every 0 < η < δ, we put a function f δη on A(δ) \B2δ(x) by
f δη (z) = sup
w∈Cz({x1})∩Bη(z)
∣∣∣∣f(z)− f(w)z, w − 〈drx1, df〉(z)
∣∣∣∣ .
It is easy to check that f δη is an upper semi-continuous function. Especially, f
δ
η is a Borel
function. By the definition of A, for every a ∈ A, we have limη→0 f δη (a) = 0. Thus, by
Egoroff’s theorem, there exists a Borel set X = X(δ) ⊂ A(δ) such that υ(A(δ) \X(δ)) <
δυ(B1(x)) and that
lim
η→0
(sup
a∈X
f δη (a)) = 0.
We take η = η(δ) << δ satisfying supa∈X f
δ
η0(a) < δ for every η0 ≤ η. For every i, let Xi
denote the set of points w ∈ B1(x(i)) such that∣∣∣∣〈dbi3, drx1(i)〉(w)− 1volB100(x(i))
∫
B100(x(i))
〈dbi3, drx1(i)〉dvol
∣∣∣∣ ≤ Ψ(δ;n)
. Then, we have vol(B1(x(i)) \ Xi)/volB1(x(i)) ≤ Ψ(δ;n) for every sufficiently large i.
For every i, we define a Borel function Fi on B100(x(i)) \ Cx1(i),
Fi(w) =
bi3(γ(x1(i), w − η2))− bi3(w)
−η2 .
Here, γ is the minimal geodesic from x1(i) to w.
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Claim 3.37. For every sufficiently large i, we have
1
volB10(x(i))
∫
B10(x(i))\Cx1(i)
|〈dbi3, drx1(i)〉 − Fi(w)|dvol ≤ Ψ(δ;n).
The proof is as follows. It is easy to check that for every a < b, smooth function f on
(a, b) and c ∈ (a, b), we have
f(t) = f(c) + f ′(t)(t− c)−
∫ t
c
(s− c)f ′′(s)ds.
Therefore, we have
bi3(γ(x1(i), w − η2))− bi3(w)
−η2 =
dbi3
drx1(i)
(w)− 1
η2
∫ x1(i),w
x1(i),w−η2
(
s− (x1(i), w − η2)
) d2bi3
dr2x1(i)
(γ(s))ds.
Thus, by an argument similar to the proof of [44, Estimate 2.6], we have
1
volB10(x(i))
∫
B10(x(i))\Cx1(i)
∣∣〈dbi3, drx1(i)〉 − Fi(w)∣∣ dvol(52)
≤ 1
η2
1
volB10(x(i))
∫
B10(x(i))
∫ x1(i),w
x1(i),w−η2
η2|Hessbi3 |(γ(s))dsdvol(53)
≤ η2C(n) 1
volB100(x(i))
∫
B100(x(i))
|Hessbi3 |dvol(54)
≤ η2C(n)
√
1
volB100(x(i))
∫
B100(x(i))
|Hessbi3 |2dvol(55)
≤ η2C(n)Ψ(δ;n).(56)
Therefore, we have Claim 3.37
Claim 3.38. For sufficiently large i, we have
1
υ(B1(x))
∫
B1(x)
∣∣∣∣〈db∞3 , drx1〉 − 1volB1(x(i))
∫
B1(x(i))
〈dbi3, drx1(i)〉dvol
∣∣∣∣ dυ ≤ Ψ(δ;n).
The proof is as follows. Let Yi = {w ∈ B1(x(i)) \ Cx1(i); |〈dbi3, drx1(i)〉(w)− Fi(w)| ≤
Ψ(δ;n)}. By Claim 3.37, we have vol (B1(x(i)) \ Yi)/volB1(x(i)) ≤ Ψ(δ;n) for every
sufficiently large i. We put Zi = Xi ∩ Yi. We take a compact set Wi ⊂ Zi satisfying
vol(Zi \ Wi)/volB1(x(i)) ≤ Ψ(δ;n). Thus, we have vol(B1(x(i)) \ Wi)/volB1(x(i)) ≤
Ψ(δ;n) for every sufficiently large i. By Proposition 2.10, without loss of generality, we
can assume that there exists a compact set W∞ ⊂ B1(x) such that Wj → W∞. By
Lemma 2.14, we have υ(W∞)/υ(B1(x)) ≥ 1 − Ψ(δ;n). We put E = W∞ ∩ X , then
υ(B1(x) \ E) ≤ Ψ(δ;n)υ(B1(x)). For every wi ∈ Wi and w ∈ E, we take the minimal
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geodesic γwi from x1(i) to wi and a minimal geodesic γw from x1 to w. Then, there exists
i0 such that for every i ≥ i0, w ∈ E and wi ∈ Wi satisfying wi → w, we have i << η,∣∣∣∣∣〈dbi3, drx1(i)〉(w)− b
i
3(γi(x1(i), wi − η2))− bi3(wi)
−η2
∣∣∣∣∣ ≤ Ψ(δ;n)
and ∣∣∣∣〈dbi3, drx1(i)〉(wi)− 1volB100(x(i))
∫
B100(x(i))
〈dbi3, drx1(i)〉dvol
∣∣∣∣ ≤ Ψ(δ;n).
On the other hand, by rescaling η−2dY , since
x1, φi(γi(x1(i), wi − η2))
η−2dY ≥ η−1, φi(γi(x1(i), wi − η2)), w
η−2dY ≥ η−1
and
x1, φi(γi(x1(i), wi − η2))
η−2dY
+ φi(γi(x1(i), wi − η2)), w
η−2dY − x1, wη−2dY ≤ η,
by splitting theorem, we have
φi(γi(x1(i), wi − η2)), γ(x1, w − η2)
η−2dY ≤ Ψ(δ;n).
Therefore, we have∣∣∣∣∣b
i
3(γi(x1(i), wi − η2))− bi3(wi)
−η2 −
b∞3 (γ(x1, w − η2))− b∞3 (w)
−η2
∣∣∣∣∣ ≤ Ψ(δ;n).
Thus, we have∣∣∣∣〈db∞3 , drx1〉(w)− 1volB100(x(i))
∫
B100(x(i))
〈dbi3, drx1(i)〉dvol
∣∣∣∣ ≤ Ψ(δ;n).
We put
Ci =
1
volB100(x(i))
∫
B100(x(i))
〈dbi3, drx1(i)〉dvol.
Then
1
υ(B1(x))
∫
B1(x)
|〈db∞3 , drx1〉 − Ci| dυ(57)
=
1
υ(B1(x))
∫
B1(x)\E
|〈db∞3 , drx1〉 − Ci| dυ +
1
υ(B1(x))
∫
E
|〈db∞3 , drx1〉 − Ci| dυ(58)
≤ C(n)υ(B1(x) \ E)
υ(B1(x))
+
υ(E)
υ(B1(x))
Ψ(δ;n) ≤ Ψ(δ;n).(59)
Therefore, we have Claim 3.38.
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Claim 3.39. We have
1
υ(B1(x))
∫
B1(x)
|db∞3 |2dυ ≤ 1 + Ψ(δ;n).
This proof is as follows. Since
1
volB1(x(i)
∫
B1(x(i))
||dbi3| − 1|dvol ≤ Ψ(δ;n)
for every sufficiently large i, by [5, Lemma 16.2], there exists a compact set Ki ⊂ B1(x(i))
such that vol(B1(x(i))\Ki)/volB1(x(i)) ≤ Ψ(δ;n) and that Lip(bi3|Ki) ≤ 1+Ψ(δ;n). By
Proposition 2.10, without loss of generality, we can assume that there exists a compact
set K∞ ⊂ B1(x) such that Ki → K∞. By Lemma 2.14, we have υ(K∞)/υ(B1(x)) ≥
1−Ψ(δ;n). By the definition, we have Lip(b∞3 |K∞) ≤ 1+Ψ(δ;n). We put Kˆ∞ = LebK∞.
Then by Proposition 7.7, we have
1
υ(B1(x))
∫
B1(x)
|db∞3 |2dυ =
1
υ(B1(x))
∫
Kˆ∞
|db∞3 |2dυ +
1
υ(B1(x))
∫
B1(x)\K∞
|db∞3 |2dυ
≤ 1
υ(B1(x))
∫
Kˆ∞
(Lipb∞3 )
2dυ + C(n)
υ(B1(x) \K∞)
υ(B1(x))
≤ 1
υ(B1(x))
∫
Kˆ∞
(Lip(b∞3 |K∞))2dυ +Ψ(δ;n)
≤ 1
υ(B1(x))
∫
Kˆ∞
(1 + Ψ(δ;n))dυ +Ψ(δ;n) ≤ 1 + Ψ(δ;n).
Therefore, we have Claim 3.39.
If we consider the case x1 = x3, x2 = x4, then, by Claim 3.36, 3.38 and 3.39, we have
1
υ(B1(x))
∫
B1(x)
|db∞3 − drx3|2dυ
(60)
=
1
υ(B1(x))
∫
B1(x)
|db∞3 |2dυ − 2
1
υ(B1(x))
∫
B1(x)
〈db∞3 , drx3〉dυ +
1
υ(B1(x))
∫
B1(x)
|drx3|2dυ
(61)
≤ 1 + Ψ(δ;n)− 2(1−Ψ(δ;n)) + 1 ≤ Ψ(δ;n)
(62)
for every sufficiently large i. Therefore, we have Lemma 3.34. On the other hand, Lemma
3.35 follows from Lemma 3.34 and Claim 3.38.
Lemma 3.40. Let {(Mi, mi)}i be a sequence of n-dimensional complete Riemannian
manifolds with RicMi ≥ −(n − 1), (Y, y, υ) a Ricci limit space of {(Mi, mi, vol)}i, τ
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a positive number, x, x1, x2 points in Y , x(i), x1(i), x2(i) points in Mi. We assume that
x ∈ ⋂j=1,2(Dτxj(i)\Bτ (xj)), x(i)→ x and xj(i)→ xj(j = 1, 2). Then, for every sufficiently
large i, we have
1
υ(Br(x))
∫
Br(x)
〈drx1, drx2〉dυ =
1
volBr(x(i))
∫
Br(x)
〈drx1(i), drx2(i)〉dvol±Ψ(r,
r
τ
;n),
1
υ(Br(x))
∫
Br(x)
∣∣∣∣〈drx1, drx2〉dυ − 1υ(Br(x))
∫
Br(x)
〈drx1, drx2〉dυ
∣∣∣∣ dυ ≤ Ψ(r, rτ ;n)
and
1
volBr(x(i))
∫
Br(x)
∣∣∣∣〈drx1(i), drx2(i)〉 − 1volBr(x(i))
∫
Br(x)
〈drx1(i), drx2(i)〉dvol
∣∣∣∣ dvol ≤ Ψ(r, rτ ;n)
Proof. By rescaling r−1dY and Lemma 3.35, it is easy to check the assertion.
Next corollary follows from Lemma 3.35, 3.40 directly:
Corollary 3.41. Let {(Mi, mi)}i be a sequence of n-dimensional complete Rieman-
nian manifolds with RicMi ≥ −(n− 1), (Y, y) a Ricci limit space of {(Mi, mi, vol)}i, τ, L
positive numbers, x, x1,··· , xk, z1,··· , zl points in Y , x(i), x1(i),··· , xk(i), z1(i),··· , zl(i) points
in Mi and a1,··· , ak, b1,··· , bl real numbers. We assume that x ∈
⋂k
i=1(Dτxi \ Bτ (xi)) ∩⋂l
i=1(Dτzi \ Bτ (zi)), x(i) → x, xj(i) → xj(j = 1,··· , k), zm(i) → zm(m = 1,··· , l) and∑k
i=1 a
2
i +
∑l
i=1 b
2
i ≤ L. We put f =
∑k
j=1 ajrxj , g =
∑l
j=1 bjrzj , fi =
∑k
j=1 ajrxj(i) and
gi =
∑l
j=1 bjrzj(i). Then, for every sufficiently large i, we have,
1
volBr(x(i))
∫
Br(x(i))
∣∣∣∣〈dfi, dgi〉 − 1υ(Br(x))
∫
Br(x)
〈df, dg〉dυ
∣∣∣∣dvol ≤ Ψ(r, rτ ;n, L),
1
υ(Br(x))
∫
Br(x)
∣∣∣∣〈df, dg〉 − 1volBr(x(i))
∫
Br(x(i))
〈dfi, dgi〉dvol
∣∣∣∣ dυ ≤ Ψ(r, rτ ;n, L).
Lemma 3.42. Let {(Mi, mi)}i be a sequence of n-dimensional complete Riemannian
manifolds with RicMi ≥ −(n−1), (Y, y, υ) a Ricci limit space of {(Mi, mi, vol)}i, l, kα(1 ≤
α ≤ l) positive integers, r, , τ, L positive numbers, x, xst (1 ≤ s ≤ l, 1 ≤ t ≤ kl) points
in Y , x(i), xst (i) points in Mi and a
s
t (1 ≤ s ≤ l, 1 ≤ t ≤ kl) real numbers. We put
fj =
∑kj
m=1 a
j
mrxjm , f
i
j =
∑kj
m=1 a
j
mrxjm(i). We assume that l ≤ n, ki ≤ n(1 ≤ i ≤ l),
x ∈ ⋂k1≤i≤l,1≤j≤ki(Dτxij \Bτ (xij)), x(i)→ x, xst (i)→ xst , ∑i,j(aij)2 ≤ L and
1
υ(Br(x))
∫
Br(x)
〈dfj, dfi〉dυ = δij ± .
Then, for every sufficiently large i, there exists a compact set Kir ⊂ Br/10(x(i)) satisfying
the following properties:
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1. vol(Br/10(x(i)) \Kir)/volBr/10(x(i)) ≤ Ψ(r, r/τ, ;n, L)
2. For every w ∈ Kir and 0 < s < r/106, there exist a compact set Z ⊂ Bs(w), z ∈ Z
and a map φ : (Bs(w), w) → (Z, z) such that the map Φ = (f i1, f i2,··· , f il , φ) from
Bs(w) to Bs+Ψ(r,r/τ,;n,L)s(f
i
1(w),··· , f
i
l (w), φ(w)), gives Ψ(r, r/τ, ;n, L)s-Gromov-Hausdorff
approximation.
3. For every w ∈ Kir and 0 < s < r/106, we have
1
volBs(w)
∫
Bs(w)
|〈df iα, df iβ〉 − δαβ |dvol < Ψ(r,
r
τ
, ;n, L).
Proof. By Lemma 3.42, we have
1
volBr(x(i))
∫
Br(x(i))
|〈df ij , df ilˆ 〉 − δj,lˆ|dvol ≤ Ψ(r,
r
τ
, ;n, L)
for every sufficiently large i. We consider rescaled distances r−1dY and r−1dMi. For
convenience, we shall use the following notations: vˆol = volr
−1dMi , υˆ = υ/υ(Br(y)),
rˆz(w) = r
−1w, zdY , Bˆs(w) = Br
−1dY
s (w) = Bsr(w), gˆ = r
−1g for Lipschitz function g and
so on. We remark that (Mi, mi, r
−1dMi, vol
r−1dMi )→ (Y, y, r−1dY , υˆ). We also denote the
differential section of Lipschitz function f on Y as metric measure space (Y, υˆ) by dˆf :
Y → T ∗Y and denote the Riemannian metric of rescaled Ricci limit space (Y, y, r−1dY , υˆ)
by 〈·, ·〉r. By the definition, we have 〈·, ·〉r = r−2〈·, ·〉. Then we have
1
vˆol Bˆ1(x(i))
∫
Bˆ1(x(i))
|〈dˆfˆ ij , dˆfˆ ilˆ 〉r − δj,lˆ|dvˆol ≤ Ψ(r,
r
τ
, ;n, L).
On the other hand, by [4, Lemma 9.8, Lemma 9.10, Lemma 9.13] (or [6, Lemma 6.15,
Lemma 6.22, Proposition 6.60]), there exist harmonic functions bˆm,ij (1 ≤ m ≤ l, 1 ≤ j ≤
km) on Bˆ100(x(i)) such that |bˆm,ij − rˆxmj (i)|L∞(Bˆ100(x(i))) ≤ Ψ(r, r/τ ;n),
1
vˆol Bˆ100(x(i))
∫
Bˆ100(x(i))
|dˆbˆm,ij − dˆrˆxmj (i)|2rdvˆol ≤ Ψ(r,
r
τ
;n),
and
1
vˆol Bˆ100(x(i))
∫
Bˆ100(x(i))
|Hess
bˆ
m,i
j
|2rdvˆol ≤ Ψ(r,
r
τ
;n).
We put bˆij =
∑kj
m=1 a
j
mbˆ
m,i
j . Then, we have
|fˆ ij − bˆij|L∞(Bˆ100(x(i))) ≤ Ψ(r,
r
τ
;n, L),
1
vˆol Bˆ100(x(i))
∫
Bˆ100(x(i))
|dˆbˆij − dˆfˆ ij |2rdvˆol ≤ Ψ(r,
r
τ
;n, L)
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and
1
vˆol Bˆ100(x(i))
∫
Bˆ100(x(i))
|Hess
bˆij
|2rdvˆol ≤ Ψ(r,
r
τ
;n, L).
Especially, we have
1
vˆol Bˆ100(x(i))
∫
Bˆ100(x(i))
|〈dˆbˆij , dˆbˆil〉r − δj,l|dvˆol ≤ Ψ(r,
r
τ
, ;n, L)
We put
Fˆi =
l∑
j=1
|dˆbˆij − dˆfˆ ij |2r +
l∑
j=1
||dˆbˆij|2r − 1|+
∑
j<lˆ
|〈dˆbij , dˆbilˆ〉r|+
l∑
j=1
|Hess
bˆij
|2r.
By Lemma 3.1, we have the following:
Claim 3.43. For every sufficiently large i, there exists a compact set Kir ⊂ Bˆ1/10(x(i))
such that
vˆol(Bˆ 1
10
(x(i)) \Kir)
vˆol Bˆ 1
10
(x(i))
≤ Ψ(r, r
τ
, ;n, L),
and that
1
vˆol Bˆ5s(w)
∫
Bˆ5s(w)
Fˆidvˆol ≤ Ψ(r, r
τ
, ;n, L)
for every w ∈ Kir and 0 < s < 1/10.
We fix w ∈ Kir and 0 < s ≤ 1/10. By an argument same to the proof of [9, Theorem
3.3], we have the following:
Claim 3.44. There exist a compact set Z ⊂ Bˆs(w), a point z ∈ Z and a map φ
from Bˆs/105(w) to Z, such that the map Φ(α) = (bˆ
i
1(α),··· , bˆ
i
l(α), φ(α)) from Bˆs/105(w) to
Bs/105+Ψs(bˆ
i
1(w),··· , bˆ
i
l(w), φ(w)) ⊂ Rk × Z, gives Ψs-Gromov-Hausdorff approximation.
Here, Ψ = Ψ(r, r/τ, ;n, L).
Since
1
vˆol Bˆ5s(w)
∫
Bˆ5s(w)
|dˆbˆij − dˆfˆ ij |2rdvˆol ≤ Ψ(r,
r
τ
, ;n, L),
by segment inequality (see [9, Theorem 2.15]), for every z1 ∈ Bˆs(w), there exist zˆ1 ∈
Bˆ5s(w), wˆ ∈ Bˆ5s(w) and a minimal geodesic γ from zˆ1 to wˆ such that z1, zˆ1 ≤ Ψ(r, r/τ, ;n, L),
w, wˆ ≤ Ψ(r, r/τ, ;n, L), and that∫ zˆ1,wˆ
0
Lˆip(bˆij − fˆ ij)(γ(t))dt ≤ Ψ(r,
r
τ
, ;n, L)s.
Therefore, we have
|bˆij(zˆ1)− fˆ ij(zˆ1)− (bˆij(wˆ)− fˆ ij(wˆ))| ≤
∫ zˆ1,wˆ
0
Lˆip(bˆij − fˆ ij)(γ(t))dt ≤ Ψ(r,
r
τ
, ;n, L)s.
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By Cheng-Yau’s gradient estimate, we have Lˆip(bˆij |Bˆ2s(w)) ≤ C(n, L). Thus, we have
|bˆij(z1)− fˆ ij (z1)− (bˆij(w)− fˆ ij(w))| ≤ Ψ(r, r/τ, ;n, L)s. Therefore, if we put C = bˆij(w)−
fˆ ij(w), then we have
bˆij = fˆ
i
j + C ±Ψ(r,
r
τ
, ;n, L)s
on Bˆs(w).
Thus, the map Φˆ(α) = (fˆ i1(α),··· , fˆ
i
l (α), φ(α)) from Bˆs/105(w) to Bs/105+Ψs(fˆ
i
1(w),··· , fˆ
i
l (w), φ(w)),
gives Ψs-Gromov-Hausdorff approximation. Therefore we have the assertion.
Lemma 3.45. Let (Y, y, υ) be a Ricci limit space, τ, , δ, L positive numbers, l, m, ks(1 ≤
s ≤ l ≤ m) positive integers, x, xst (1 ≤ s ≤ l, 1 ≤ t ≤ ks) points in Y and ast real numbers.
We put fj =
∑kj
m=1 a
j
mrxjm. We assume that x ∈ Leb
(⋂
1≤i≤l,1≤j≤ki(Dτxij \ {x
i
j}) ∩ (Rm)δ,τ
)
,∑
i,j(a
i
j)
2 ≤ L and
lim sup
r→0
1
υ(Br(x))
∫
Br(x)
|〈dfj, dfi〉 − δij |dυ ≤ .
Then, for every sufficiently small s > 0, there exists a compact set Ks ⊂ Bs(x) satisfying
the following properties:
1. υ(Ks)/υ(Bs(x)) ≥ 1−Ψ(, δ;n, L).
2. For every α ∈ Ks and every sufficiently small t > 0, there exist points wt1(α),··· , wtm−l(α) ∈
Y and a compact set Ut ⊂ Bt(α) such that υ(Ut)/υ(Bt(α)) ≥ 1 − Ψ(, δ;n, L)
and that the map Φt = (f1,··· , fl, rwt1(α),··· , rwtm−l(α)) from Ut to R
m, gives (1 ±
Ψ(, δ;n, L))-bi-Lipschitz equivalent to the image Φt(Ut).
Proof. Let (Mi, mi, vol) → (Y, y, υ). We take xst (i) ∈ Mi satisfying xst (i) → xst and
put f ij =
∑kj
m=1 a
j
mrxjm(i). There exists s1 > 0 such that s1 << τ ,
1
υ(B1010s(x))
∫
B1010s(x)
|〈dfj, dfi〉−δij |dυ+
υ
(
B1010s(x) ∩
⋂
1≤i≤l,1≤j≤ki(Dτxij ∩ (Rm)δ,r)
)
υ(B1010s(x))
≤ 3
for every 0 < s < s1. By Proposition 2.10 and Lemma 3.42, for every 0 < s < s1, there
exists a compact set Ks ⊂ B109s(x) satisfying the following properties:
1. υ(Ks)/υ(B109s(x)) ≥ 1−Ψ(;n, L).
2. For every w ∈ Ks and 0 < t < 104s, there exist a compact set Zwt ⊂ Bt(w) and
a map φwt from Bt(w) to Z
w
t such that the map Φ
w
t = (f1,··· , fl, φ
w
t ) from Bt(w) to
B109(t+Ψt)(f1(w),··· , fl(w), φwt (w)), gives Ψt-Gromov-Hausdorff approximation. Here
Ψ = Ψ(;n, L)
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3. For every w ∈ Ks and 0 < t < 104s, we have
1
υ(Bt(w))
∫
Bt(w)
|〈dfj, dfi〉 − δij |dυ ≤ Ψ(;n, L).
Here, with same notation as in Lemma 3.42, we used Proposition 4.13 as
lim
k→∞
1
volBt(w(k))
∫
Bt(w(k))
|〈dfkj , dfki 〉 − δij |dvol =
1
υ(Bt(w))
∫
Bt(w)
|〈dfj, dfi〉 − δij |dυ.
for w(k)→ w. We fix 0 < s < s1 and take Ks, w ∈ Ks ∩ Leb(
⋂
1≤i≤l,1≤j≤ki(Dτxij \ {x
i
j}) ∩
(Rm)δ,r), 0 < t < 104s, Zwt , φwt ,Φwt as above. We remark that υ(Ks∩Leb(
⋂
1≤i≤l,1≤j≤ki(Dτxij\
{xij})∩ (Rm)δ,r))/υ(B109s(x)) ≥ 1−Ψ(;n, L). We assume that t is sufficiently small and
that
υ
(
Btˆ(w) ∩
⋂
1≤i≤l,1≤j≤ki(Dτxij \ {x
i
j}) ∩ (Rm)δ,r
)
υ(Btˆ(w))
≥ 1− 
for every 0 < tˆ ≤ t. There exist points y+i , y−j ∈ Bt(w)(1 ≤ i, j ≤ l) such that
Φwt (y
+
i ), (0,··· , 0, t︸ ︷︷ ︸
i
, 0,··· , 0, φwt (w)) ≤ Ψt and Φwt (y−j ), (0,··· , 0,−t︸ ︷︷ ︸
j
, 0,··· , 0, φwt (w)) ≤ Ψt. We
also take an Ψt-Gromov-Hausdorff approximation Φˆwt fromB109(t+Ψt)(f1(w),··· , fl(w), φ
w
t (w))
to Bt(w) satisfying Φwt ◦ Φˆwt (α), α ≤ Ψt for every α ∈ B109(t+Ψt)(f1(w),··· , fl(w), φwt (w))
and Φˆwt ◦ Φwt (β), β ≤ Ψt for every β ∈ Bt(w). On the other hand, we can take δt-Gromov-
Hausdorff approximation ψwt from (Bt(w), w) to (Bt(0m), 0m) and ψˆ
w
t from (Bt(0m), 0m) to
(Bt(w), w) satisfying that ψwt ◦ ψˆwt (α), α ≤ 5δt for every α ∈ Bt(0m) and ψˆwt ◦ ψwt (β), β ≤
5δt for every β ∈ Bt(w). Especially, there exists an Ψt-Gromov-Hausdorff approximation
hˆwt from (Bt(0m−l), 0m−l) to (Z
w
t , φ
w
t (w)) such that (0,··· , 0, α), ψ
w
t ◦ Φˆwt (f1(w),··· , fl(w), hˆwt (α)) ≤
Ψt for every α ∈ Zwt . Here Ψ = Ψ(, δ;n, L). Without loss of generality, we can assume
that ψwt (y
+
i ), (0,··· , 0, t︸ ︷︷ ︸
i
, 0,··· , 0) ≤ Ψt. There exist points z+i , z−j ∈ Bt(w)(l + 1 ≤ i, j ≤ m)
such that ψwt (z
+
i ), (0,··· , 0, t︸ ︷︷ ︸
i
, 0,··· , 0) ≤ Ψt and ψwt (z−j ), (0,··· , 0,−t︸ ︷︷ ︸
j
, 0,··· , 0) ≤ Ψt. We put
Fi = fi − fi(w) and define a function Gi on (Bt(0m), 0m) by Gi = Fi ◦ ψwt . Since
piRm−l(ψ
w
t ◦ Φˆwt (f1(w),··· , fl(w), hˆwt (α))), α ≤ Ψt, the map G = (G1,··· , Gl, pil+1,··· , pim) from
(Bt(0m), 0m) to (Bt+Ψt(0m), 0m) gives Ψt-Gromov-Hausdorff approximation and satisfies
G((0,··· , 0,±t︸ ︷︷ ︸
i
, 0,··· , 0), (0,··· , 0,±t︸ ︷︷ ︸
i
, 0,··· , 0) ≤ Ψt. Here piRm−l is the canonical projection
Rm = Rl × Rm−l → Rm−l and pii is the i-th projection Rm → R. Thus, we have
α,G(α) ≤ Ψt for every α ∈ Bt(0m). Especially, we have the following claim:
Claim 3.46. We have
|Gi − pii| ≤ Ψ(, δ;n, L)t
on Bt(0m).
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We fix 0 < tˆ < t. By rescaling tˆ−1dY , tˆ−1dRm, Claim 3.46 and the definition of
Busemann function, we have the following:
Claim 3.47. We have
|Fi(α)− (ry−i (α)− ry−i (w))| ≤ Ψ
(
, δ,
tˆ
t
,
Ψ(, δ;n, L)t
tˆ
;n, L
)
tˆ
on B tˆ(w).
We take y−j (k), z
−
j (k), w(k) ∈ Mk such that y−j (k) → y−j , z−j (k) → z−j and w(k) → w.
For Ψ = Ψ(, δ;n, L) in Claim 3.47, we put r =
√
Ψt.
For convenience, for rescaled distances r−1dY and r−1dMi, we shall use the same no-
tation as in the proof of Lemma 3.42 below: fki , dˆf, vˆol and so on.
Claim 3.48. For every sufficiently large k, we have
1
vˆol Bˆ100(w(k))
∫
Bˆ100(w(k))
|dˆfˆki − dˆrˆy−i (k)|
2
rdvˆol ≤ Ψ(, δ;n, L).
This proof is as follows. By the assumption and Proposition 4.13, for every sufficiently
large k, we have
1
vˆol Bˆ1000(x(k))
∫
Bˆ1000(x(k))
||dˆfˆki |2r − 1|dvˆol ≤ Ψ(, δ;n, L).
By an argument similar to the proof of Lemma 3.42, for every sufficiently large k, there ex-
ist harmonic functions bˆki on Bˆ100(w(k)), such that Lipbˆ
k
i ≤ C(n), |bˆki−fˆki |L∞(Bˆ100(w(k))) ≤
Ψ(r, r/τ ;n, L),
1
vˆol Bˆ1000(w(k))
∫
Bˆ1000(w(k))
|dˆbˆki − dˆfˆki |2rdvˆol ≤ Ψ(r, r/τ ;n, L)
and
1
vˆol Bˆ1000(w(k))
∫
Bˆ1000(w(k))
|Hess
bˆki
|2rdvˆol ≤ Ψ(r, r/τ ;n, L).
For every α ∈ Bˆ1000(w(k)) \ Cy−i (k), we take the minimal geodesic γαi from y
−
i (k) to α on
(Mi, r
−1dMi). We fix 0 < h < 1. By Claim 3.47, there exists k0 such that for every k ≥ k0
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and α ∈ Bˆ1000(w(k)) \ Cy−i (k), we have
bˆki (α)− bˆki (γαi (y−i (k), α
r−1dMk − h))
h
(63)
=
fˆki (α)− fˆki (γαi (y−i (k), α
r−1dMk − h))
h
± Ψ(, δ;n, L)
h
(64)
=
fˆi(φk(α))− fˆi(φk(γαi (y−i (k), α
r−1dMk − h)))
h
± Ψ(, δ;n, L)
h
(65)
=
y−i , φk(α)
r−1dY − y−i , φk(γαi (y−i (k), α
r−1dMk − h)
r−1dY
h
± Ψ(, δ;n, L)
h
(66)
=
y−i (k), α
r−1dMk − y−i (k), γαi (y−i (k), α
r−1dMk − h)
r−1dMk
h
± Ψ(, δ;n, L)
h
(67)
= 1± Ψ(, δ;n, L)
h
.(68)
On the other hand, by an argument similar to the proof of Claim 3.37, we have
∣∣∣∣∣∣ 1vˆol Bˆ100(w(k))
∫
Bˆ100(w(k))
1
h
∫ y−i (k),αr−1dMk
y−i (k),α
r−1dMk−h
(
s− (y−i (k), α
r−1dMk − h)
)
d2bˆki ◦ γαi
ds2
dsdvˆol
∣∣∣∣∣∣
(69)
≤ C(n) h
vˆol Bˆ1000(w(k))
∫
Bˆ1000(w(k))
|Hess
bˆki
|rdvˆol ≤ Ψ(, δ;n, L).
(70)
Since
bˆki (α) = bˆ
k
i (γ
α
i (y
−
i (k), α
r−1dMk − h)) + dˆbˆ
k
i
dˆrˆy−i (k)
(α)h(71)
−
∫ y−i (k),αr−1dMk
y−i (k),α
r−1dMk−h
(
s− (y−i (k), α
r−1dMk − h)
)
d2bˆki ◦ γαi
ds2
ds,(72)
for every α ∈ Bˆ100(w(k)) \ Cy−i (k), we have
1
vˆol Bˆ100(w(k))
∫
Bˆ100(w(k))
〈dˆbˆki , dˆrˆy−i (k)〉rdvˆol = 1±
Ψ(, δ;n, L)
h
.
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Therefore, we have
1
vˆol Bˆ100(w(k))
∫
Bˆ100(x(k))
|dˆfˆki − dˆrˆy−i (k)|
2
rdvˆol
=
1
vˆol Bˆ100(w(k))
∫
Bˆ100(w(k))
|dˆfˆki |2rdvˆol−
2
vˆol Bˆ100(w(k))
∫
Bˆ100(w(k))
〈dˆfˆki , dˆrˆy−i (k)〉rdvˆol + 1
= 1− 2 1
vˆol Bˆ100(w(k))
∫
Bˆ100(w(k))
〈dˆbˆki , dˆrˆy−i (k)〉rdvˆol + 1±Ψ(, δ;n, L)
= 2− 2(1± Ψ(, δ;n, L)
h
)±Ψ(, δ;n, L) = Ψ(, δ;n, L)
h
.
Therefore, we have Claim 3.48.
Next claim follows from Claim 3.48 and [4, Theorem 9.29] directly:
Claim 3.49. For every sufficiently large k, we have
1
vˆol Bˆ100(w(k))
∫
Bˆ1(w(k))
|〈dˆfˆki , dˆrˆz−j (k)〉r|dvˆol ≤ Ψ(, δ;n, L)
for every 1 ≤ i ≤ l and l + 1 ≤ j ≤ m. Moreover we have
1
vˆol Bˆ100(w(k))
∫
Bˆ1(w(k))
|〈dˆfˆki , dˆfˆkiˆ 〉r|dvˆol ≤ Ψ(, δ;n, L)
for every 1 ≤ i < iˆ ≤ l.
There exist harmonic functions bˆki (l + 1 ≤ i ≤ m) on Bˆ1000(w(k)) such that |rˆz−i −
bˆki |L∞(Bˆ1000(w(k))) ≤ Ψ(, δ;n, L),
1
vˆol Bˆ1000(w(k))
∫
Bˆ1000(w(k))
|dˆbˆki − dˆrˆz−i (k)|
2
rdvˆol ≤ Ψ(, δ;n, L)
and
1
vˆol Bˆ1000(w(k))
∫
Bˆ1000(w(k))
|Hess
bˆki
|2rdvˆol ≤ Ψ(, δ;n, L).
We put
Fˆk =
∑
1≤i,j≤m
|〈dˆbˆki , dˆbˆkj 〉r − δi,j|+
∑
1≤i≤m
|Hess
bˆki
|2r +
l∑
i=1
|dˆbˆki − dˆfˆki |2r +
m∑
i=l+1
|dˆbˆki − dˆrˆz−i |
2
r.
Then, by Lemma 3.1, for every sufficiently large k, there exists a compact set C(k) ⊂
Bˆ1(w(k)) such that vˆol(Bˆ1(w(k)) \ C(k))/vˆol Bˆ1(w(k)) ≤ Ψ(, δ;n, L) and that for every
α ∈ C(k) and 0 < sˆ < 10, we have
1
vˆol Bˆsˆ(α)
∫
Bˆsˆ(α)
Fˆkdvˆol ≤ Ψ(, δ;n, L).
48
Thus, by an argument similar to the proof of [9, Theorem 3.3], for every α ∈ C(k) and
0 < sˆ < 1, there exist a compact set P αs ⊂ Bˆ sˆ(α), a point pαsˆ ∈ P αsˆ and a map qαsˆ
from (Bˆ sˆ(α), α) to (B sˆ(p
α
sˆ ), p
α
sˆ ) such that the map Q
α
sˆ = (bˆ
k
1,··· , bˆ
k
m, q
α
sˆ ) from Bˆ sˆ(α) to
Bˆ sˆ+Ψsˆ(bˆ
k
1(α),··· , bˆ
k
m(α), p
α
sˆ ), gives Ψsˆ-Gromov-Hausdorff approximation. For every α ∈
C(k) and 0 < sˆ < 1. by an argument similar to the proof of Claim 3.44, we have
bˆki = fˆ
k
i + constant±Ψsˆ
on Bˆsˆ(α) for every 1 ≤ i ≤ l, and
bˆki = rˆz−i (k)
+ constant±Ψsˆ
on Bˆsˆ(α) for l+1 ≤ i ≤ m. Therefore, the map Qˆαsˆ = (fˆk1 ,··· , fˆkl , rˆz−l+1(k),··· , rˆz−m(k), q
α
sˆ ) from
Bˆ sˆ(α) to Bˆ sˆ+Ψsˆ(fˆ
k
1 (α),··· , fˆ
k
l (α), rˆz−l+1(k)
(α),··· , rˆz−m(k)(α), p
α
sˆ ), gives Ψsˆ-Gromov-Hausdorff
approximation.
By Proposition 2.10, without loss of generality, we can assume that there exists a com-
pact set C(∞) ⊂ Bˆ1(w) such that C(k)→ C(∞). We put U = C(∞)∩
⋂
1≤i≤l,1≤j≤ki(Dτxij \
{xij}) ∩ (Rm)δ,r. By Proposition 2.14, we have υˆ(Bˆ1(w) ∩ U)/υˆ(Bˆ1(w)) ≥ 1 − Ψ. Since
α ∈ (Rm)τ,δ, by the argument above, the map T αsˆ = (fˆ1,··· , fˆl, rˆz−l+1,··· , rˆz−m) from Bˆ sˆ(α) to
B sˆ(T
α
sˆ (α)), gives Ψsˆ-Gromov-Hausdorff approximation for every α ∈ U and 0 < sˆ < 1.
Therefore for every α, β ∈ U ∩ Bˆ1/2(w) satisfying α 6= β, if we put sˆ = α, βr
−1dY
< 1, then
we have
(fˆ1(α),··· , fˆl(α), rˆz−l+1(α),··· , rˆz−m(α)), (fˆ1(β),··· , fˆl(β), rˆz−l+1(β),··· , rˆz−m(β))(73)
= α, β
r−1dY ±Ψsˆ(74)
= (1±Ψ)α, βr−1dY .(75)
Therefore we have the assertion.
Lemma 3.50. Let (Y, y, υ) be a Ricci limit space, l, k,m(1 ≤ l ≤ m ≤ n) positive
integers, x a point in Y , hi(1 ≤ i ≤ l) Lipschitz functions on Y , τ a positive number,
xi(1 ≤ i ≤ k) points in Y and aji (1 ≤ i ≤ k, 1 ≤ j ≤ l) real numbers We put fj =∑k
i=1 a
j
irxi. We assume that
lim
r→0
1
υ(Br(x))
∫
Br(x)
|dfj − dhj |dυ = 0
for every j,
x ∈
⋂
δ>0
(⋃
r>0
Leb
(⋂
i,j
(Dτ
xji
\ {xji}) ∩ (Rm)δ,r
))
,
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the limit
lim
r→0
1
υ(Br(x))
∫
Br(x)
〈dhi, dhj〉dυ
exists for every i, j, and
det
(
lim
r→0
1
υ(Br(x))
∫
Br(x)
〈dhi, dhj〉dυ
)
i,j
6= 0.
Then, for every 0 < δ < 1, there exists r0 > 0 such that for every 0 < s < r0, there exists
compact set Ks ⊂ Bs(x) satisfying the following properties:
1. υ(Ks)/υ(Bs(x)) ≥ 1− δ.
2. For every α ∈ Ks and every sufficiently small t > 0, there exist points wt1(α),··· , wtm−l(α) ∈
Y and a compact set Ut ⊂ Bt(α) such that υ(Ut)/υ(Bt(α)) ≥ 1 − δ and that the
map Φt = ((h1,··· , hl)A, rwt1(α),··· , rwtm−l(α)) from Ut to R
m, gives (1± δ)-bi-Lipschitz
equivalent to the image Φt(Ut). Here,
A =
√(
lim
r→0
1
υ(Br(x))
∫
Br(x)
〈dhi, dhj〉dυ
)
i,j
−1
.
Proof. We define Lipschitz functions gi on Y by (g1,··· , gl) = (h1,··· , hl)A. By the
definition, we have
lim
r→0
1
υ(Br(x))
∫
Br(x)
〈gi, gj〉dυ = δi,j .
By Corollary 3.41, we have
lim
r→0
1
υ(Br(x))
∫
Br(x)
|〈gi, gj〉 − δi,j|dυ = 0.
We put (F1,··· , Fl) = (
∑k
i=1 b
1
i rxi,··· ,
∑k
i=1 b
l
irxi) = (
∑k
i=1 a
1
i rxi,··· ,
∑k
i=1 a
l
irxi)A and take
L ≥ 1 such that |A| +∑i,j(bji )2 ≤ L. We fix 0 < δ < 1. By Lemma 3.45, we have the
following claim:
Claim 3.51. There exists r1 > 0 such that for every 0 < s ≤ r1, there exist a compact
set Ks ⊂ Bs(x) satisfying the following properties:
1. υ(Ks)/υ(Bs(x)) ≥ 1− δ.
2. For every α ∈ Ks and every sufficiently small t > 0, there exist points wt1(α),··· , wtm−l(α) ∈
Y and a compact set Et ⊂ Bt(α) such that υ(Et)/υ(Bt(α)) ≥ 1 − δ and that the
map Φt = (F1,··· , Fl, rwt1(α),··· , rwtm−l(α)) from Et to R
m, gives (1 ± δ)-bi-Lipschitz
equivalent to the image.
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On the other hand, there exists r0 > 0 such that
1
υ(Bs(x))
∫
Bs(x)
∑
j
|dFj − dgj|dυ ≤ δ
for every 0 < s < r0. Thus, by Lemma 3.1, we have the following;
Claim 3.52. For every 0 < s < r0/100, there exists a compact set Xs ⊂ Bs(x) such
that υ(Xs)/υ(Bs(x)) ≥ 1−Ψ(δ;n) and that
1
υ(B5sˆ(α))
∫
B5sˆ(α)
∑
j
|dFj − dgj|dυ ≤ Ψ(δ;n)
for every α ∈ Xs and 0 < sˆ ≤ s.
We put Vs = Ks ∩Xs for 0 < s < min{r0, r1}/1000. Then we have υ(Vs)/υ(Bs(x)) ≥
1−Ψ(δ;n). We fix 0 < s < min{r0, r1}/1000. We also take α ∈ Vs and sufficiently small
t > 0. By an argument similar to the proof of Claim 3.44, we have
Fj = fj + constant±Ψ(δ;n)t
on Bt(α). We put Ut = Bt/2(α) ∩ Et. Then we have υ(Ut)/υ(Bt/2(α)) ≥ 1−Ψ(δ;n). For
p1, p2 ∈ Bt/2(α) ∩ Et satisfying p1 6= p2, if we put tˆ = p1, p2 > 0, then we have
(f1(p1),··· , fl(p1), rwt1(α),··· , rwtm−l(α)(p1)), (f1(p2),··· , fl(p2), rwt1(α)(p2),··· , rwtm−l(α)(p2))
(76)
= (F1(p1),··· , Fl(p1), rwt1(α),··· , rwtm−l(α)(p1)), (F1(p2),··· , Fl(p2), rwt1(α)(p2),··· , rwtm−l(α)(p2))±Ψtˆ
(77)
= (1± δ)p1, p2 ±Ψtˆ = (1±Ψ)p1, p2.
(78)
Therefore we have the assertion.
Lemma 3.53. Let (Y, y, υ) be a Ricci limit space, l a positive integer integer, fi, f(1 ≤
i ≤ l) Lipschitz functions on Y and A a Borel subset of Y . We assume that for a.e. x ∈ A,
span{df1(x),··· , dfl(x)} = T ∗xY . Then, for a.e. x ∈ A, there exists b1(x),··· , bl(x) ∈ R such
that
lim
r→0
1
υ(Br(x))
∫
Br(x)
∣∣∣∣∣df −
l∑
i=1
bi(x)dfi
∣∣∣∣∣
2
dυ = 0.
Proof. Without loss of generality, we can assume that for every x ∈ A, {dfi(x)} is a
base of T ∗xY . For every x ∈ A, we put
(b1(x), . . . , bl(x)) = (〈df, df1〉(x), . . . , 〈df, dfl〉(x))
√
(〈dfi, dfj〉(x))i,j
−1
.
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By Corollary 7.6, for a.e. x ∈ A, we have
lim
r→0
1
υ(Br(x))
∫
Br(x)
|df |2dυ = |df |2(x),
lim
r→0
1
υ(Br(x))
∫
Br(x)
〈df, dfi〉dυ = 〈df, dfi〉(x)
for every i and
lim
r→0
1
υ(Br(x))
∫
Br(x)
〈dfi, dfj〉dυ = 〈dfi, dfj〉(x)
for every i, j. Therefore, for a.e. x ∈ A, since
lim
r→0
1
υ(Br(x))
∫
Br(x)
|df |2dυ = |df |2(x) =
∣∣∣∣∣
l∑
i=1
bi(x)dfi(x)
∣∣∣∣∣
2
,
lim
r→0
1
υ(Br(x))
∫
Br(x)
〈
df,
l∑
i=1
bi(x)dfi
〉
dυ =
l∑
i=1
bi(x)〈df, dfi〉(x)(79)
=
l∑
i=1
bi(x)
〈
l∑
j=1
bj(x)dfj , dfi
〉
(x)(80)
=
∣∣∣∣∣
l∑
i=1
bi(a)dfi(x)
∣∣∣∣∣
2
(81)
and
lim
r→0
1
υ(Br(x))
∫
Br(x)
∣∣∣∣∣
l∑
i=1
bi(a)dfi
∣∣∣∣∣
2
dυ =
l∑
i,j
bi(x)bj(x)〈dfi, dfj〉(x) =
∣∣∣∣∣
l∑
i=1
bi(x)dfi(x)
∣∣∣∣∣
2
,
we have
lim
r→0
1
υ(Br(x))
∫
Br(x)
∣∣∣∣∣df −
l∑
i=1
bi(x)dfi
∣∣∣∣∣
2
dυ(82)
= lim
r→0
1
υ(Br(x))
∫
Br(x)
|df |2dυ − 2 lim
r→0
1
υ(Br(x))
∫
Br(x)
〈
df,
l∑
i=1
bi(x)dfi
〉
dυ(83)
+ lim
r→0
1
υ(Br(x))
∫
Br(x)
∣∣∣∣∣
l∑
i=1
bi(a)dfi
∣∣∣∣∣
2
dυ = 0.(84)
Theorem 3.54 (Rectifiability associated with Lipschitz functions). Let (Y, y, υ) be a
Ricci limit space, l a positive integer, fi(1 ≤ i ≤ l) Lipschitz functions on Y , A a Borel
subset of Y . We assume that {f1(x),··· , fl(x)} are linearly independent for a.e. x ∈ A.
Then, there exist 0 < α(n) < 1, a collection of compact sets {Ck,i}l≤k≤n,i∈N ⊂ A, points
{xk,i} ∈ A and {xsk,i}1≤s≤k−l ∈ Y satisfying the following properties:
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1. υ(A \⋃l≤k≤n,i∈NCk,i) = 0.
2. For every l ≤ k ≤ n, x ∈ ⋃i∈NCk,i and 0 < δ < 1, there exists i ∈ N such that x ∈
Ck,i and that the map φk,i = ((f1(z),··· , fl(z))
√
(〈dfi, dfj〉)i,j(xk,i)−1, rx1k,i,··· , rxk−lk,i )
gives a (1± δ)-bi-Lipschitz equivalent to the image φk,i(Ck,i).
3. Ck,i ⊂ Rk,α(n) ∩
⋂k−l
j=1(Y \ (Cxjk,i ∪ {x
j
k,i})).
4. The limit measure υ and k-dimensional Hausdorff measure Hk are mutually abso-
lutely continuous on Ck,i. Moreover, υ is Ahlfors k-regular at every x ∈ Ck,i.
Proof. We take a collection of Borel subset {Cyk,i} of Y and a collection of points
{xlˆk,i} in Y as in Theorem 3.17. For convenience, we put x1k,i = y, Ck,i = Cyk,i. By Lemma
3.14, we can assume that Ck,i is bounded for every i, k. By the definition of T
∗Y (see
section 4 in [4] or section 6 in [9] for the detail), we have span{drx1k,i(x),··· , drxkk,i(x)} = T ∗xY
for a.e. x ∈ Cyk,i. Therefore, by the assumption, we have υ(A ∩ Ck,i) = 0 for k < l. Since
υ
(
Rk \
⋃
τ>0
(⋂
δ>0
(⋃
r>0
Leb
(⋂
i,j
(Dτ
xji
\ {xji}) ∩ (Rk)δ,r
))))
= 0,
by Lemma 3.50 and Lemma 3.53, we have the following claim:
Claim 3.55. For every k ≥ l and i ∈ N, there exists a Borel set Ak,i ⊂ A ∩ Ck,i
satisfying the following properties:
1. υ(A ∩ Ck,i \ Ak,i) = 0.
2. For every x ∈ Ak,i and 0 < δ < 1, there exists rδx > 0 such that for every 0 < s < rδx,
there exists a compact set K(x, δ, s) ⊂ Bs(x) satisfying the following properties:
(a) υ(K(x, δ, s))/υ(Bs(x)) ≥ 1− δ.
(b) For every α ∈ K(x, δ, s) and every sufficiently small t > 0, there exist points
w(i, x, δ, s, α, t) ∈ Y (1 ≤ i ≤ k − l) and a compact set U(x, δ, s, α, t) ⊂ Bt(α)
such that the map
Φx,δ,s,α,t = ((f1,··· , fl)A(x), rw(1,x,δ,s,α,t),··· , rw(k−l,x,δ,s,α,t))
from U(x, δ, s, α, t) to Rk, gives (1 ± δ)-bi-Lipschitz equivalent to the image.
Here,
A(x) =
√(
lim
r→0
1
υ(Br(x))
∫
Br(x)
〈dfs, dft〉dυ
)
s,t
−1
(85)
=
√
(〈dfs, dft〉(x))s,t
−1
.(86)
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We put Aˆk,i = Leb(Ak,i). For every N ∈ N and x ∈ Aˆk,i, we take 0 < sNx <
min{r1/Nx , N−1} satisfying
υ(BsNx (x) ∩ Ak,i)
υ(BsNx (x))
≥ 1−N−1.
We take K(x,N−1, sNx ) as in Claim 3.55. We put Kˆ(x,N
−1, sNx ) = K(x,N
−1, sNx ) ∩ Aˆk,i.
Thus, we have
υ
(
BsNx (x) ∩ Kˆ(x,N−1, sNx )
)
υ(BsNx (x))
≥ 1− 100N−1.
For every α ∈ Kˆ(x,N−1, sNx ), there exists a sufficiently small 0 < t = t(α) < N−1 such
that
υ(Btˆ(α) ∩ Ak,i)
υ(Btˆ(α))
≥ 1−N−1
for every 0 < tˆ < t. We take w(i, x, N−1, sNx , α, tˆ) and U(x,N
−1, sNx , α, tˆ) as in Claim 3.55.
We put Uˆ(x,N−1, sNx , α, tˆ) = U(x,N
−1, sNx , α, tˆ) ∩ Aˆk,i. Then we have
υ
(
Btˆ(α) ∩ Uˆ(x,N−1, sNx , α, tˆ)
)
υ(Btˆ(α))
≥ 1− 1000N−1.
By Lemma 2.12, it is not difficult to check that the following claim:
Claim 3.56. With same notation as above, there exist xNj ∈ Aˆk,i, αNj ∈ Kˆ(xNj , N−1, sNxNj )
and 0 < tNj < t(α
N
j ) such that
υ
(
Ak,i \
⋃
j∈N
Uˆ(xNj , N
−1, sNxNj , α
N
j , t
N
j )
)
≤ Ψ(N−1;n)υ(B10(Ak,i)).
We put Uˆ(j, N) = Uˆ(xNj , N
−1, sN
xNj
, αNj , t(α
N
j )), w(i, j, N) = w(i, x
N
j , N
−1, sN
xNj
, αNj , t(α
N
j )),
U(j) =
⋂
N0∈N
(⋃
N1≥N0 Uˆ(j, N1)
)
and U(j, N) = Uˆ(j, N) ∩ U(j). Then we have υ(Ak,i \⋃
j∈N U(j)) = 0 and
⋃
N∈N U(j, N) = U(j). We fix j. We take w ∈
⋃
N∈N U(j, N) and
0 < δ < 1. There exists N0 such that w ∈ U(j, N0). We take N1 satisfying N−11 << δ.
Since w ∈ ⋃N2≥N1 Uˆ(j, N2), there exists N2 ≥ N1 such that w ∈ Uˆ(j, N2). Especially we
have w ∈ U(j, N2). Thus the map Gj,N2 = ((f1,··· , fl)A(xN2j ), rw(1,j,N2),··· , rw(k−l,j,N2)) from
U(j, N2) to R
k, gives (1 ± N−12 )-bi-Lipschitz equivalent to the image. Especially, Gj,N2
gives (1± δ)-bi-Lipschitz equivalent to the image. Therefore, we have the assertion.
Remark 3.57. Radial rectifiability theorem (Theorem 3.17) corresponds to Theorem
3.54 for a distance function rx.
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We shall give two corollaries of Theorem 3.54. For metric space X , we define a distance
on R≥0 ×X/{0} ×X by
(t1, x1), (t2, x2) =
√
t21 + t
2
2 − 2t1t2 cosmin{x1, x2, pi}.
Let C(X) denote this metric space and p = [(0, x)] ∈ C(X).
Corollary 3.58. Let X be a compact geodesic space, l a nonnegative integer. We
assume that l ≤ n, dimHX = n − l − 1, (Rl × C(X), (0l, p)) is an (n,−1)-Ricci limit
space. Here p ∈ C(X) is the pole. Then, X is Hn−l−1-rectifiable.
Proof. We define 1-Lipschitz functions pij(1 ≤ j ≤ l) and g on Rk × C(X) by
pij(t1,··· , tl, w) = tj and g(t1,··· , tl, w) = p, w. By Theorem 3.33, we have 〈dpii, dpij〉(α) =
δi,j, 〈dpii, dg〉(α) = 0, |dg|(α) = 1 for a.e. α ∈ Rk × C(X). Therefore, we can take
a collection of {Ck,i}l+1≤k≤n as in Theorem 3.54 for Lipschitz functions pi1,··· , pil, g and
A = Rl × C(X). By an argument similar to the proof of Lemma 7.21, the product
measure H l×Hn−l on Rl×C(X) is equal to Hn. Therefore by Fubini’s theorem, we have
0 = Hn(Rl × C(X) \
⋃
k,i
Ck,i) =
∫
Rl
Hn−l({t1,··· , tl} × C(X) \
⋃
k,i
Ck,i)dH
l.
Especially, we can take (t1,··· , tl) ∈ Rl satisfying Hn−l({t1,··· , tl}×C(X)\
⋃
Ck,i) = 0. We
put Cˆk,i = {t1,··· , tl} × C(X) ∩ Ck,i and regard it as a subset of C(X). By an argument
similar to the proof of Proposition 7.22, we have∫
C(X)
fdHn−l =
∫ ∞
0
∫
∂Bt(p)
fdHn−l−1dt
for every f ∈ L1(C(X)). (This is co-area formula for distance function from the pole on
C(X)). Especially, we have
Hn−l−1(∂Bt(p) ∩ C(X) \
⋃
k,i
Cˆk,i) = 0
for a.e. t > 0. Then it is not difficult to check the assertion.
Remark 3.59. With same notation as in Corollary 3.58, for every x ∈ X and r > 0,
we have 0 < Hn−l−1(Br(x)) <∞. It follows from [7, Theorem 5.9], [9, Theorem 4.6] and
co-area formula for distance function from the pole on C(X). Since it is not difficult to
check it, we skipped the proof.
Similarly, we have the following:
Corollary 3.60. Let (X, x) be a pointed proper geodesic space, l a nonnegative inte-
ger. We assume that l ≤ n, dimHX = n− l, (Rl×X, (0l, x)) is (n,−1)-Ricci limit space.
Then, X is Hn−l-rectifiable.
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4 Convergence of Borel functions and Lipschitz func-
tions
In this section, we will give several notions of convergence of a sequence of Borel functions.
By using these notions, we will define a notion of convergence of differential of Lipschitz
functions (see Definition 4.18). Moreover, by using results in section 3, we will discuss
convergence of harmonic functions. Throughout subsections 4.1 and 4.2, we shall consider
the following situation: Let (Zi, zi) be a sequence of pointed proper geodesic spaces, υi
a Radon measure on Zi satisfying υi(B1(zi)) = 1, and for every R ≥ 1, there exists
K = K(R) ≥ 1 such that for every 1 ≤ i ≤ ∞, z ∈ Zi and 0 < s ≤ R, we have
υi(B2s(z)) ≤ 2Kυi(Bs(z)). We assume that (Zi, zi, υi) (φi,Ri,i)→ (Z∞, z∞, υ∞). We fix
xi ∈ Zi satisfying xi → x∞.
4.1 Infinitesimal constant convergence property
Our aims in this subsection are to define the following notion of infinitesimal constant
convergence and to give several fundamental properties of it:
Definition 4.1 (Infinitesimal constant convergence property). Let R be a positive
number, w a point in BR(x∞) and fi a Borel function on BR(xi)(1 ≤ i ≤ ∞) satisfying
supi |fi|L∞(BR(xi)) + |f∞|L∞(BR(x∞)) < ∞. We say that {fi}i has infinitesimal constant
convergence property to f∞ at w if for every  > 0, there exists r > 0 such that
lim sup
i→∞
1
υi(Bt(wi))
∫
Bt(wi)
∣∣∣∣fi − 1υ∞(Bt(w))
∫
Bt(w)
f∞dυ∞
∣∣∣∣ dυi ≤ 
and
lim sup
i→∞
1
υ∞(Bt(w))
∫
Bt(w)
∣∣∣∣f − 1υi(Bt(wi))
∫
Bt(wi)
fidυi
∣∣∣∣ dυ∞ ≤ 
for every 0 < t < r and wi → w.
Example 4.2. It is easy to check that for every f ∈ C0(BR(x∞)), if we put fi = f ◦φi
and f∞ = f , then, {fi} has infinitesimal constant convergence property to f∞ at every
w ∈ BR(x∞).
Example 4.3. If fi is Lipschitz function with supi Lipfi <∞, and fi → f∞, then for
every w ∈ BR(x∞), {fi}i has infinitesimal constant convergence property to f∞ at w.
Example 4.4. Let wi → w ∈ BR(x∞), r > 0 satisfying Br(w) ⊂ BR(x∞). Then,
{1BR(xi)\Br(wi)}i has infinitesimal constant convergence property to 1BR(x∞)\Br(w∞) at every
α ∈ BR(x∞) \ ∂Br(w).
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We shall give a fundamental result for infinitesimal constant convergence property:
Proposition 4.5. Let k be a positive integer, R a positive number, f li Borel functions
on BR(xi)(1 ≤ l ≤ k, 1 ≤ i ≤ ∞) satisfying supi,l(|f li |L∞(BR(xi))+ |f l∞|L∞(BR(x∞))) <∞, w
a point in BR(x∞) and {Fi}1≤i≤∞ a sequence of continuous functions on Rk. We assume
that {f li}1≤i≤∞ has infinitesimal constant convergence property to f l∞ at w for every l and
that Fi converges to F∞ in the sense of compact uniformly topology. Then, the sequence
{Fi(f 1i ,··· , fki )} has infinitesimal constant convergence property to F∞(f 1∞,··· , fk∞) at w.
Proof. We fix  > 0. We take Rˆ, L ≥ 1 satisfying that ⋃i Image(f 1i ,··· , f li ) ⊂ BRˆ(0k),
supi,l(|f li |L∞(BR(xi)) + |f l∞|L∞(BR(x∞))) ≤ Rˆ and supi |Fi|L∞(BRˆ(0k)) ≤ L. There exists a
nonnegative valued function b on R>0 such that b(t) → 0 as t → 0 and that for every
t > 0, there exists it such that F∞(α) = Fi(β) ± b(t) for every α ∈ BRˆ(0k), i ≥ it and
β ∈ Bt(α). On the other hand, there exists τ1 > 0 satisfying the following properties: For
every 0 < s < τ1, there exists js such that
1
υi(Bs(wi))
∫
Bs(wi)
∣∣∣∣f li − 1υ∞(Bs(w))
∫
Bs(w)
f l∞dυ∞
∣∣∣∣ υi ≤ 
and
1
υ∞(Bs(w))
∫
Bs(w)
∣∣∣∣f l∞ − 1υi(Bs(wi))
∫
Bs(wi)
f lidυi
∣∣∣∣ υ∞ ≤ 
for every 1 ≤ l ≤ k, i ≥ js and wi → w. Especially, we have
1
υ∞(Bs(w))
∫
Bs(w)
f l∞dυ∞ =
1
υi(Bs(wi))
∫
Bs(wi)
f lidυi ± .
We fix 0 < s < τ1. Therefore, there exist a sequence of compact sets Ki ⊂ Bs(wi) and a
compact setK∞ ⊂ Bs(w) such that υi(Ki)/υi(Bs(wi)) ≥ 1−Ψ(;K(1)), υ∞(K∞)/υ∞(Bs(w)) ≥
1−Ψ(;K(1)) and that∣∣∣∣f li (α)− 1υ∞(Bs(w))
∫
Bs(w)
f l∞dυ∞
∣∣∣∣ < Ψ(;K(1))
and ∣∣∣∣f l∞(β)− 1υi(Bs(wi))
∫
Bs(wi)
f lidυi
∣∣∣∣ < Ψ(;K(1))
for every js ≤ i < ∞, 1 ≤ l ≤ k, α ∈ Ki and β ∈ K∞. Without loss of generality,
we can assume that there exists a compact set Kˆ ⊂ Bs(w) such that Ki → Kˆ. We put
Kˆ∞ = Kˆ ∩K∞. By Proposition 2.14, we have υ∞(Kˆ∞)/υ∞(Bs(w)) ≥ 1−Ψ(;K(1)). We
put
ali =
1
υi(Bs(wi))
∫
Bs(wi)
f lidυi.
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Then, there exists ks ≥ js such that
F∞(f 1∞(α),··· , f
k
∞(α)) = F∞(a
1
∞,··· , a
k
∞)± b(Ψ(;K(1)))(87)
= Fi(a
1
i ,··· , a
k
i )± 2b(Ψ(;K(1)))(88)
= Fi(f
1
i (αi),··· , f
k
i (αi))± 3b(Ψ(;K(1)))(89)
for every i ≥ ks, α ∈ Kˆ∞ and αi ∈ Ki with αi → α. Thus, we have
1
υ∞(Bs(w))
∫
Bs(w)
∣∣F∞(f 1∞,··· , fk∞)− F∞(a1∞,··· , ak∞)∣∣ dυ∞(90)
=
1
υ∞(Bs(w))
∫
Kˆ∞
∣∣F∞(f 1∞,··· , fk∞)− F∞(a1∞,··· , ak∞)∣∣ dυ∞ ±Ψ(;K(1), L)(91)
< 3b(Ψ(;K(1))) + Ψ(;K(1), L)(92)
and
1
υi(Bs(wi))
∫
Bs(wi)
∣∣F
i
(f 1
i
,··· , fki )− Fi(a1i ,··· , aki )
∣∣ dυi(93)
=
1
υi(Bs(wi))
∫
Ki
∣∣Fi(f 1i ,··· , fki )− Fi(a1i ,··· , aki )∣∣ dυi ±Ψ(;K(1), L)(94)
< 3b(Ψ(;K(1))) + Ψ(;K(1), L)(95)
for i ≥ ks. Moreover, we have
1
υ∞(Bs(w))
∫
Bs(w)
F∞(f 1∞,··· , f
k
∞)dυ∞
(96)
=
1
υ∞(Bs(w))
∫
Kˆ∞
F∞(f 1∞,··· , f
k
∞)dυ∞ ±Ψ(;K(1), L)
(97)
= (1±Ψ(;K(1)))(F∞(a1∞,··· , ak∞)± b(Ψ(;K(1)))±Ψ(;K(1))
(98)
= (1±Ψ(;K(1)))(Fi(a1i ,··· , aki )± b(Ψ(;K(1)))±Ψ(;K(1), L)
(99)
= (1±Ψ(;K(1)))
(
1
υi(Bs(wi))
∫
Ki
Fi(f
1
i ,··· , f
k
i )dυi ± 3b(Ψ(;K(1)))
)
±Ψ(;K(1), L)
(100)
= (1±Ψ(;K(1)))
(
1
υi(Bs(wi))
∫
Bs(wi)
Fi(f
1
i ,··· , f
k
i )dυi ± 3b(Ψ(;K(1)))
)
±Ψ(;K(1), L)
(101)
for i ≥ ks. Therefore, we have the assertion.
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Remark 4.6. By the proof of Proposition 4.5, we also have the following: Let k
be a positive integer, f li Borel functions on BR(xi)(1 ≤ l ≤ k, 1 ≤ i ≤ ∞) satisfying
supi,l(|f li |L∞(BR(xi))+|f l∞|L∞(BR(x∞))) <∞, w a point in BR(x∞) and {Fi}1≤i≤∞ a sequence
of locally L∞ functions on Rk. Assume the following:
1. {f li}1≤i≤∞ has infinitesimal constant convergence property to f l∞ at w for every l.
2. The limits
al = lim
r→0
1
υ∞(Br(w))
∫
Br(w)
f l∞dυ∞
exist for every l.
3. There exists an open neighborhood U at (a1, · · · , ak) ∈ Rk such that Fi is continuous
on U for every 1 ≤ i ≤ ∞ and that Fi converges to F∞ on U uniformly.
Then, the sequence {Fi(f 1i ,··· , fki )} has infinitesimal constant convergence property to
F∞(f 1∞,··· , f
k
∞) at w.
For Ricci limit spaces, we shall give a sufficient condition to satisfy infinitesimal con-
stant convergence property for radial derivative of Lipschitz functions:
Proposition 4.7. Let {(Mi, mi, vol)}i be a sequence of pointed connected n-dimensional
complete Riemannian manifolds with RicMi ≥ −(n − 1), (Y, y, υ) be a pointed proper
geodesic space with Radon measure υ, R a positive number, x∞ a point in Y , xi a point
in Mi, fi a C
2-function on BR(xi) and f∞ a Lipschitz function on BR(x). We assume
that supi Lipfi <∞, (Mi, mi, xi, fi, vol)
(φi,Ri,i)→ (Y, y, x∞, f∞, υ) and that
sup
i
∫
BR(xi)
|Hessfi|2dvol <∞.
Then, there exists a Borel subset A ⊂ BR(x∞) such that υ(BR(x∞) \ A) = 0 and that
for every z ∈ A and wi → w ∈ Y , the sequence {〈drwi, dfi〉} has infinitesimal constant
convergence property to 〈drw, df∞〉 at z.
Proof. We fix  > 0 and take L ≥ 1 satisfying
sup
i
(
1
volBR(xi)
∫
BR(xi)
|Hessfi|2dvol + Lipfi
)
≤ L.
By Theorem 3.33, there exist 0 < η <<  and a Borel subset X() ⊂ BR(x∞)∩Dηz \Bη(z)
such that
υ(BR(x∞) \X())
υ(BR(x∞))
≤ 
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and that ∣∣∣∣f∞ ◦ γ(z, α + h)− f∞(α)h − 〈drz, df∞〉(α)
∣∣∣∣ ≤ 
for every α ∈ X(), h satisfying 0 < |h| < η and isometric embedding γ from [0, z, α + η]
to Y with γ(0) = z and γ(z, α) = α. By Corollary 7.6, there exists Borel set Xˆ() ⊂ X()
such that υ(X() \ Xˆ()) = 0 and that
lim
t→0
1
υ(Bt(α))
∫
Bt(α)
|〈drz, df∞〉 − 〈drz, df∞〉(α)|dυ = 0
for every α ∈ Xˆ(). For every α ∈ Xˆ(), there exists r(α) > 0 such that
1
υ(Bt(α))
∫
Bt(α)
|〈drz, df∞〉 − 〈drz, df∞〉(α)|dυ < 
for every 0 < t < r(x). We put l = η−1/4. By an argument similar to the proof of
Proposition 3.1, for every i, there exists a compact subset Ki ⊂ BR−(xi) such that
vol(BR−(xi) \Ki)
volBR−(xi)
≤ Ψ(l−1;n,R, L)
and that
1
volBt(w)
∫
Bt(w)
|Hessfi|2dvol ≤ l
for every w ∈ Ki and 0 < t < /100. Without loss of generality, we can assume that there
exists a compact set K∞ ⊂ BR(x∞) such that Ki → K∞. We put W () = K∞ ∩ X().
By Proposition 2.14, we have
υ(W ())
υ(BR(x∞))
≥ 1−Ψ(;n,R, L).
We fix α ∈ W (), 0 < t << min{η, r(α)} and an isometric embedding γ from [0, z, α+ η]
to Y satisfying γ(0) = z and γ(z, α) = α. We take αi ∈ Ki satisfying αi → α. We define
a Borel function Fi on Bt(αi) \ (Czi ∪ {zi}) by
Fi(β) =
fi ◦ γβ(zi, β − η2)− fi(β)
−η2 .
Here γβ is the minimal geodesic from zi to β. By an argument similar to the proof of
Claim 3.37, we have
1
volBt(αi)
∫
Bt(αi)
|〈dfi, drzi〉 − Fi|dvol(102)
≤ η2 C(n)
volB10t(αi)
∫
B10t(αi)
|Hessfi |2dvol ≤ η2C(n)l ≤ Ψ(;n)(103)
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for every i. We take i0 satisfying that i << t for every i ≥ i0. For every i ≥ i0 and
βi ∈ Bt(αi), we remark that φi(βi), α ≤ t+ i ≤ η3. Then, since
z, φi(γβi(zi, βi − η2))
η−2dY
+ φi(γβi(zi, βi − η2)), φi(βi)
η−2dY − z, φi(βi)η
−2dY
< 3i,
we have
z, φi(γβi(zi, βi − η2))
η−2dY
+ φi(γβi(zi, βi − η2)), α
η−2dY − z, αη−2dY < 5η.
Similarly, we have
z, φi(γβi(zi, βi − η2))
η−2dY
+φi(γβi(zi, βi − η2)), γ(z, α+ η)
η−2dY −z, γ(z, α + η)η
−2dY
< 5η,
φi(γβi(zi, βi − η2)), γ(z, α + η)
η−2dY ≥ η−1 − η,
φi(γβi(zi, βi − η2)), z
η−2dY ≥ η−1 − η
and
φi(γβi(zi, βi − η2)), α
η−2dY
= 1± 5η.
Therefore, by splitting theorem, we have
φi(γβi(zi, βi − η2)), γ(z, α− η2)
η−2dY ≤ Ψ(η;n).
Thus we have
fi(γβi(zi, βi − η2))− fi(βi)
−η2 =
f∞(φi(γβi(zi, βi − η2)))− f∞(φi(βi))
−η2 ±
i
η2
(104)
=
f∞(γ(z, α − η2)))− f∞(α)
−η2 ±Ψ(η;n, L)(105)
= 〈drz, df∞〉(α)±Ψ(η;n, L).(106)
Especially, we have
1
volBt(αi)
∫
Bt(αi)
|Fi − 〈drz, df∞〉(α)|dvol ≤ Ψ(η;n, L)
for i ≥ i0. Therefore if we put W =
⋂
N1∈N(
⋃
N2≥N1 W (N
−1
2 )), then υ(BR(x∞) \W ) = 0,
{〈drzi, dfi〉} has infinitesimal constant convergence property to 〈drw, df∞〉 at every w ∈
W .
Remark 4.8. We shall introduce the following important method to get some uni-
formly Hessian estimates by using cut-off functions with good properties by Cheeger-
Colding: Let (M,m, vol) be a pointed connected n-dimensional complete Riemannian
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manifold with renormalized measure satisfying RicM ≥ −(n − 1), R a positive number
and f a C2-function on BR(m). We assume that there exists L ≥ 1 such that
|∇f |L∞(BR(m)) +
1
volBR(m)
∫
BR(m)
|∆f |2dvol ≤ L
Then, we have
1
volBr(m)
∫
Br(m)
|Hessf |2dvol < C(n, r, R, L)
for every 0 < r < R. The proof is as follows. By standard smoothing argument, without
loss of generality, we can assume that f is a smooth function. There exists a smooth
function φ on M such that 0 ≤ φ ≤ 1, φ|Br(m) = 1, suppφ ⊂ BR(m), |∇φ| ≤ C(n, r, R)
and |∆φ| ≤ C(n, r, R) (see for instance [4, Theorem 8.16]). By Bochner’s formula, we
have
−1
2
∆|∇(φf)|2 ≥ |Hessφf |2 − 〈∇∆(φf),∇(φf)〉 − (n− 1)|∇(φf)|2.
Thus, we have
1
volBr(m)
∫
Br(m)
|Hessf |2dvol(107)
≤ C(n, r, R)
volBR(m)
∫
BR(m)
|Hessφf |2dvol(108)
≤ C(n, r, R)
volBR(m)
∫
BR(m)
(∆(φf))2 dvol + C(n,R, L)(109)
≤ 2C(n, r, R)
volBR(m)
∫
BR(m)
(f∆φ)2 + (φ∆f)2 + |〈∇f,∇φ〉|2dvol + C(n,R, L)(110)
≤ C(n, r, R, L).(111)
This observation performs a crucial role to study limit functions of harmonic functions.
The following proposition follows from Lemma 3.40 directly.
Proposition 4.9. Let {(Mi, mi, vol)} be a sequence of pointed connected n-dimensional
complete Riemannian manifolds with renormalized measure satisfying RicMi ≥ −(n− 1),
(Y, y, υ) be a Ricci limit space of {(Mi, mi, vol)}i. Then for every w1, w2 ∈ Y , z ∈
Y \ (Cw1 ∪ Cw2 ∪ {w1, w2}) and wji → wj ∈ Y (j = 1, 2), the sequence {〈drw1i , drw2i 〉} has
infinitesimal constant convergence property to 〈drw1∞ , drw2∞〉 at z.
4.2 Infinitesimal convergence property
In this subsection, we will give a notion of infinitesimal convergence property and its
fundamental properties.
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Definition 4.10 (Infinitesimal convergence property). Let R be a positive num-
ber, w a point in BR(x∞) and fi a Borel function on BR(xi)(1 ≤ i ≤ ∞) satisfying
supi |fi|L∞(BR(xi)) + |f∞|L∞(BR(x∞)) <∞. We say that {fi}i has infinitesimal convergence
property to f∞ at w if for every  > 0, there exists r > 0 such that
lim sup
i→∞
∣∣∣∣ 1υi(Bt(wi))
∫
Bt(wi)
fidυi − 1
υ∞(Bt(w))
∫
Bt(w)
f∞dυ∞
∣∣∣∣ ≤ 
for every 0 < t < r and wi → w.
It is clear that if the sequence {fi}i has infinitesimal constant convergence property
to f∞ at w, then {fi}i has infinitesimal convergence property to f∞ at w. We skip the
proof of the next proposition because it is not difficult.
Proposition 4.11 (Linearlity of infinitesimal convergence property). Let R be a pos-
itive number, ai, bi, ci, di Borel functions on BR(xi)(1 ≤ i ≤ ∞), w a point in BR(x∞).
We assume that supi(|ai| + |bi| + |ci| + |di|)L∞(BR(xi)) < ∞ and that {ai}i, {bi}i have
infinitesimal constant convergence property to a∞, b∞ at w, respectively and {ci}i, {di}i
have infinitesimal convergence property to c∞, d∞ at w, respectively. Then {aici + bidi}
has infinitesimal convergence property to a∞c∞ + b∞d∞ at w.
The next proposition follows from an argument similar to the proof of Proposition
2.14:
Proposition 4.12. Let R be a positive number, Ki a Borel subset of BR(xi) and fi
a nonnegative valued Borel function on BR(xi)(1 ≤ i ≤ ∞) satisfying supi |fi|L∞(BR(xi))+
|f∞|L∞(BR(x∞)) <∞. We assume that K∞ is compact, lim supi→∞Ki ⊂ K∞ and that for
a.e. w ∈ K∞, {fi} has infinitesimal convergence property to f∞ at w. Then we have
lim sup
i→∞
∫
Ki
fidυi ≤
∫
K∞
f∞dυ∞.
We shall state a fundamental result for infinitesimal convergence property:
Proposition 4.13. Let R be a positive number, Ki a Borel subset of BR(xi) and {fi}i
a Borel function on BR(xi)(1 ≤ i ≤ ∞) satisfying supi |fi|L∞(BR(xi))+|f∞|L∞(BR(x∞)) <∞.
We assume that K∞ is compact, lim supi→∞Ki ⊂ K∞ and that for a.e. w ∈ K∞, {1Ki}i
and {fi}i have infinitesimal convergence property to 1K∞, f∞ at w, respectively. Then,
we have
lim
i→∞
∫
Ki
fidυi =
∫
K∞
f∞dυ∞.
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Proof. We fix  > 0. We take L ≥ 1 satisfying supi |fi|L∞+ |f∞|+υ∞(BR(x∞)) < L.
There exists a Borel subset Kˆ∞ ⊂ K∞ satisfying the following properties: For every
w ∈ Kˆ∞, there exists tw > 0 such that B10tw(w) ⊂ BR(x) and that
lim sup
i→∞
∣∣∣∣ 1υi(Bs(wi))
∫
Bs(wi)
fidυi − 1
υ∞(Bs(w))
∫
Bs(w)
f∞dυ∞
∣∣∣∣ < ,
υ∞(Bs(w) ∩K∞)
υ∞(Bs(w))
≥ 1− 
and
lim sup
i→∞
∣∣∣∣ 1υi(Bs(wi))
∫
Bs(wi)
1Kidυi −
1
υ∞(Bs(w))
∫
Bs(w)
1K∞dυ∞
∣∣∣∣ < 
for every 0 < s < tw and wi → w. By Lemma 2.12, there exists a pairwise disjoint
collection {Bri(xi)}i such that xi ∈ K∞, ri << txi , and that K∞ \
⋃N
i=1Bri(xi) ⊂⋃∞
i=N+1B5ri(xi) for every N . We take N satisfying
∑∞
i=N+1 υ∞(Bri(xi)) < . Then, we
have
∑∞
i=N+1 υ∞(B5ri(xi)) < 2
5K(1). We take xi(j) ∈ Zj satisfying xi(j) → xi. Then we
have ∫
K∞
f∞dυ∞ =
N∑
i=1
∫
Bri(xi)∩K∞
f∞dυ∞ ±
∫
⋃∞
i=N+1 B5ri (xi)
|f∞|dυ∞(112)
=
N∑
i=1
∫
Bri(xi)
f∞dυ∞ ±Ψ(;K(1), L)(113)
=
N∑
i=1
∫
Bri(xi(j))
fjdυj ±Ψ(;K(1), L)(114)
=
N∑
i=1
∫
Bri(xi(j))∩Kj
fjdυj ±Ψ(;K(1), L)(115)
=
∫
Kj
fjdυj ±
(∫
Kj\
⋃N
i=1 Bri(xi(j))
|fj |dυj +Ψ(;K(1), L)
)
.(116)
for every sufficiently large j. On the other hand, by Proposition 2.5, Proposition 2.6 and
Proposition 2.14, we have
lim sup
j→∞
∫
Kj\
⋃N
i=1Bri(xi(j))
|fj|dυj ≤ L lim sup
j→∞
υj(Kj \
N⋃
i=1
Bri(xi(j)))(117)
≤ Lυ∞(K∞ \
N⋃
i=1
Bri(xi))(118)
≤ Ψ(;K(1), L).(119)
Therefore, we have the assertion.
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Remark 4.14. Proposition 2.16 also follows from Example 4.2, 4.4 and Proposition
4.13 directly.
Next corollary follows from Proposition 4.13 directly.
Corollary 4.15. Let R, ri be positive numbers, N a positive integer, {zj}1≤j≤N points
in Y and fi a Borel function on BR(xj)(1 ≤ i ≤ ∞) satisfying supi |fi|L∞(BR(xi)) +
|f∞|L∞(BR(x∞)) < ∞. We assume that for a.e. w ∈ BR(x∞) \
⋃N
i=1Bri(zi), {fi}i have
infinitesimal convergence property to f∞ at w. Then, we have
lim
j→∞
∫
BR(xj)\
⋃N
i=1Bri (zi(j))
fjdυj =
∫
BR(x∞)\
⋃N
i=1Bri (zi)
f∞dυ∞
for every zi(j)→ zi.
We end this subsection by giving the following proposition:
Proposition 4.16. Let Ai be a Borel subset of BR(xi) and w ∈ LebA∞. We as-
sume that {1Ai}i has infinitesimal convergence property to 1A∞ at w. Then {1Ai} has
infinitesimal constant convergence property to 1A∞ at w.
Proof. We fix  > 0 and take a sequence wi → w. There exists r > 0 such that
υ∞(Bt(w) ∩A∞)
υ∞(Bt(w))
≥ 1− 
and
lim sup
i→∞
∣∣∣∣ 1υi(Bt(wi))
∫
Bt(wi)
1Aidυi −
1
υ∞(Bt(w∞))
∫
Bt(w∞)
1A∞dυ∞
∣∣∣∣ < 
for every 0 < t < r. We fix 0 < t < r. Then we have
1
υi(Bt(wi))
∫
Bt(wi)
∣∣∣∣1Ai − 1υ∞(Bt(w∞))
∫
Bt(w∞)
1A∞dυ∞
∣∣∣∣ dυi(120)
≤ 1
υi(Bt(wi))
∫
Bt(wi)
∣∣∣∣1Ai − 1υ∞(Bt(w∞))
∫
Bt(wi)
1Aidυ∞
∣∣∣∣ dυi + (121)
=
1
υi(Bt(wi))
∫
Bt(wi)
∣∣∣∣1Ai − υi(Ai)υi(Bt(wi))
∣∣∣∣ dυi + (122)
=
1
υi(Bt(wi))
∫
Ai
υi(Bt(wi) \ Ai)
υi(Bt(wi))
dυi +
1
υi(Bt(wi))
∫
Bt(wi)\Ai
υi(Ai)
υi(Bt(wi))
dυi + (123)
≤ 2υi(Bt(wi) \ Ai)
υi(Bt(wi))
+  < 3+ 2 < 5.(124)
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for every sufficiently large i. Similarly, we have
1
υ∞(Bt(w∞))
∫
Bt(w∞)
∣∣∣∣1A∞ − 1υi(Bt(wi))
∫
Bt(wi)
1Aidυi
∣∣∣∣ dυ∞(125)
≤ 1
υ∞(Bt(w∞))
∫
Bt(w∞)
∣∣∣∣1A∞ − 1υ∞(Bt(w∞))
∫
Bt(w∞)
1A∞dυ∞
∣∣∣∣ dυ∞ + (126)
≤ 2υ∞(Bt(w∞) \ A∞)
υ∞(Bt(w∞))
+  < 3(127)
for every sufficiently large i. Thus, we have the assertion.
4.3 Convergence of differential of Lipschitz functions
The purpose of this subsection is to give a definition of convergence: dfi → df∞. See
Definition 1.1 or Definition 4.18. Throughout this subsection, we fix the following situ-
ation: Let {(Mi, mi, vol)}i be a sequence of pointed, connected n-dimensional complete
Riemannian manifolds with renormalized measure satisfying RicMi ≥ −(n−1), (Y, y, υ) a
Ricci limit space of {(Mi, mi, vol)}i, R a positive number, xi a point in Mi, x∞ a point in
Y , fi a Lipschitz function on BR(xi) and f∞ a Lipschitz function on BR(x∞). We assume
that supi(Lipfi + |fi|L∞) <∞ and that xi → x∞.
For w ∈ BR(x∞), we say that fi converges to f∞ at w if fi(wi) → f∞(w) holds for
every wi → w. We denote it by fi → f∞ at w. It is easy to check that the following
conditions are equivalent:
1. {fi} has infinitesimal convergence property to f∞ at w.
2. fi → f∞ at w.
3. {fi} has infinitesimal constant convergence property to f∞ at w.
We shall consider a convergence of energy of Lipschitz functions. See also [5, Corollary
10.17].
Definition 4.17 (Infinitesimal upper semicontinuity of energy). We say that {fi}i
has infinitesimal upper semicontinuity of energy to f∞ at w ∈ BR(x∞) if for every  > 0
and wi → w, there exists r > 0 such that
lim sup
i→∞
1
volBt(wi)
∫
Bt(wi)
(Lipfi)
2dvol ≤ 1
υ(Bt(w))
∫
Bt(w)
(Lipf∞)2dυ + 
for every 0 < t < r.
By the definition, if {(Lipfi)2}i has infinitesimal convergence property to (Lipf∞)2 at
w, then {fi}i has infinitesimal upper semicontinuity of energy to f∞ at w. Next, we shall
give a definition of convergence of differential of Lipschitz functions:
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Definition 4.18 (Convergence of differential of Lipschitz functions). We say that dfi
converges to df∞ at w ∈ BR(x∞) if {〈drzi, dfi〉}i has infinitesimal convergence property
to 〈df∞, dg∞〉 at w for every zi → z ∈ Y and {fi}i has infinitesimal upper semicontinuity
of energy to f∞ at w. Then we denote it by dfi → df∞ at w. Moreover, for a subset A
of BR(x∞), if fi → f∞ and dfi → df∞ at every a ∈ A, then we denote it by (fi, dfi) →
(f∞, df∞) on A.
Proposition 4.19. For every wi → w ∈ Y , we have (rwi, drwi)→ (rw, drw) on Y .
Proof. It follows from Proposition 4.9 and Proposition 4.13 directly.
The following theorem is the main result in this subsection:
Theorem 4.20. Let gi be a Lipschitz function on BR(xi) and A a Borel subset of
BR(x∞). We assume that dfi → df∞ and dgi → dg∞ on A. Then, for a.e. w ∈ A, the
sequence {〈dfi, dgi〉}i has infinitesimal constant convergence property to 〈df∞, dg∞〉 at w.
Proof. By Theorem 3.17 and Lemma 3.53, there exist a collection of Borel set Aj ⊂
A \ {x∞}, positive integers 1 ≤ kj ≤ n and points xj1, . . . , xjkj ∈ Y satisfying the following
properties:
1. υ(A \⋃∞j=1Aj) = 0.
2. Aj ⊂ Y \
⋃kj
l=1(Cxjl
∪ {xjl }).
3. For every w ∈ Aj , there exists aj1, . . . , ajkj , bj1, . . . , bjkj ∈ R such that
lim
r→0
1
υ(Br(w))
∫
Br(w)
∣∣∣∣∣∣df∞ − d

 kj∑
l=1
ajl rxjl


∣∣∣∣∣∣
2
+
∣∣∣∣∣∣dg∞ − d

 kj∑
l=1
bjl rxjl


∣∣∣∣∣∣
2
dυ = 0.
We take w ∈ Aj and aj1, . . . , ajkj , bj1, . . . , bjkj ∈ R satisfying equalities above. We also take
L ≥ 1 satisfying supi(Lipfi + Lipgi) +
∑kj
l=1((a
j
l )
2 + (bjl )
2) ≤ L. There exists τ > 0 such
that w ∈ ⋃kjl=1(Dτxjl \ Bτ (xjl )). We also take sequences xjl (i) → xjl and wi → w. We fix
 > 0 satisfying  << τ . Then, there exists 0 < r <<  such that
1
υ(Bt(w))
∫
Bt(w)
∣∣∣∣∣∣df∞ − d

 kj∑
l=1
ajl rxjl


∣∣∣∣∣∣
2
+
∣∣∣∣∣∣dg∞ − d

 kj∑
l=1
bjl rxjl


∣∣∣∣∣∣
2
dυ ≤ ,
lim sup
i→∞
1
volBt(wi)
∫
Bt(wi)
(Lipfi)
2dvol ≤ 1
υ(Bt(w))
∫
Bt(w)
(Lipf∞)2dυ + ,
lim sup
i→∞
1
volBt(wi)
∫
Bt(wi)
(Lipgi)
2dvol ≤ 1
υ(Bt(w))
∫
Bt(w)
(Lipg∞)
2dυ + ,
67
lim sup
i→∞
∣∣∣∣ 1volBt(wi)
∫
Bt(wi)
〈dfi, drxjl (i)〉dvol−
1
υ(Bt(w))
∫
Bt(w)
〈df∞, drxjl 〉dυ
∣∣∣∣ < 
and
lim sup
i→∞
∣∣∣∣ 1volBt(wi)
∫
Bt(wi)
〈dgi, drxjl (i)〉dvol−
1
υ(Bt(w))
∫
Bt(w)
〈dg∞, drxjl 〉dυ
∣∣∣∣ < 
for every l and 0 < t < r We fix 0 < t < r below. Thus, by Lemma 3.40, we have
1
υ(Bt(w))
∫
Bt(w)
∣∣∣∣∣∣〈df∞, dg∞〉 − 1υ(Bt(w))
∫
Bt(w)
〈
d

 kj∑
l=1
ajl rxjl

 , d

 kj∑
l=1
bjl rxjl

〉 dυ
∣∣∣∣∣∣ dυ ≤ Ψ(;L)
and
1
υ(Bt(w))
∫
Bt(w)
∣∣∣∣〈df∞, dg∞〉 − 1υ(Bt(w))
∫
Bt(w)
〈df∞, dg∞〉dυ
∣∣∣∣dυ(128)
=
1
υ(Bt(w))
∫
Bt(w)
∣∣∣∣
〈
d

 kj∑
l=1
ajl rxjl

 , d

 kj∑
l=1
bjl rxjl

〉(129)
− 1
υ(Bt(w))
∫
Bt(w)
〈
d

 kj∑
l=1
ajl rxjl

 , d

 kj∑
l=1
bjl rxjl

〉 dυ∣∣∣∣dυ ±Ψ(;n, L)(130)
= Ψ(;n, L).(131)
On the other hand, for every sufficiently large i, we have
1
volBt(wi)
∫
Bt(wi)
∣∣∣∣∣∣dfi − d

 kj∑
l=1
ajl rxjl (i)


∣∣∣∣∣∣
2
dvol(132)
=
1
volBt(wi)
∫
Bt(wi)
|dfi|2dvol−
kj∑
l=1
ajl
volBt(wi)
∫
Bt(wi)
〈dfi, drxjl (i)〉dvol(133)
+
∑
l,lˆ
ajla
j
lˆ
volBt(wi)
∫
Bt(wi)
〈drxjl (i), drxjlˆ (i)〉dvol(134)
≤ 1
υ(Bt(w))
∫
Bt(w)
|df∞|2dυ −
k∑
l=1
ajl
υ(Bt(w))
∫
Bt(w)
〈df∞, drxjl 〉dυ(135)
+
∑
l,lˆ
ajl a
j
lˆ
υ(Bt(w))
∫
Bt(w)
〈drxjl , drxjlˆ 〉dυ +Ψ(;n, L)(136)
=
1
υ(Bt(w))
∫
Bt(w)
∣∣∣∣∣∣df∞ − d

 kj∑
l=1
ajl rxjl


∣∣∣∣∣∣
2
dυ +Ψ(;n, L) ≤ Ψ(;n, L).(137)
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Similarly, we have
1
volBt(wi)
∫
Bt(wi)
∣∣∣∣∣∣dgi − d

 kj∑
l=1
bjl rxjl (i)


∣∣∣∣∣∣
2
dvol ≤ Ψ(;n, L)
for every sufficiently large i. Especially, we have
1
volBt(wi)
∫
Bt(wi)
∣∣∣∣∣∣〈dfi, dgi〉 − 1volBt(wi)
∫
Bt(wi)
〈
d

 kj∑
l=1
ajl rxjl (i)

 , d

 kj∑
l=1
bjl rxjl (i)

〉 dvol
∣∣∣∣∣∣ dvol
(138)
≤ Ψ(;n, L).
(139)
Therefore, we have the assertion.
We remark that Theorem 1.2 follows from Theorem 4.20 directly.
Corollary 4.21. Let Ω be a non-empty open subset of BR(x∞). We assume that for
a.e. w ∈ Ω, dfi → df∞ at w. Then dfi → df∞ on Ω.
Proof. The assertion follows from Example 4.4, Proposition 4.13 and Theorem 4.20.
Corollary 4.22. Let gi be a Lipschitz function on BR(xi) satisfying supi(Lipgi +
|gi|L∞) <∞ and A a Borel subset of BR(x∞). We assume that (fi, dfi)→ (f∞, df∞) and
(gi, dgi)→ (g∞, dg∞) on A. Then, there exists a Borel subset Aˆ of A such that υ(A\Aˆ) = 0
and that (fi+gi, d(fi+gi))→ (f∞+g∞, d(f∞+g∞)) and (figi, d(figi))→ (f∞g∞, d(f∞g∞))
on Aˆ.
Proof. By Theorem 4.20, there exists a Borel subset Aˆ of A such that υ(A \ Aˆ) = 0
and that {|dfi|2}i, {〈dfi, dgi〉}i and {|dgi|2}i have infinitesimal constant convergence prop-
erty to |df∞|2, 〈df∞, dg∞〉 and |dg∞|2 on Aˆ, respectively. Since |d(figi)|2 = f 2i |dgi|2 +
2figi〈dfi, dgi〉 + gi|dfi|2, by Proposition 4.5, we have, {|d(figi)|2}i has infinitesimal con-
stant convergence property to f 2∞|dg∞|2 + 2f∞g∞〈df∞, dg∞〉+ g2∞|df∞|2 = |d(f∞g∞)|2 on
Aˆ. On the other hand, since d(figi) = gidfi + fidgi, by Proposition 4.11, for every zi →
z, we have, {〈drzi, d(figi)〉}i has infinitesimal convergence property to g∞〈drz∞ , df∞〉 +
f∞〈drz∞, dg∞〉 = 〈drz∞, d(f∞g∞)〉 on Aˆ. Therefore we have (figi, d(figi))→ (f∞g∞, d(f∞g∞))
on Aˆ. Similarly, we have (fi + gi, d(fi + gi))→ (f∞ + g∞, d(fi + gi)) on Aˆ.
Corollary 4.23. Let Ki be a Borel subset of BR(xi) and gi a Lipschitz function on
BR(xi) satisfying supi(Lipgi+|gi|L∞) <∞. We assume thatK∞ is compact, lim supi→∞ ⊂
69
K∞ and that for a.e. w ∈ K∞, 1Ki has infinitesimal convergence property to 1K∞ at w,
dgi → df∞ and dfi → df∞ at w. Then for every sequence of continuous functions Fi on
R satisfying that Fi converges to F∞ in the sense of compact uniformly topology, we have
lim
i→∞
∫
Ki
Fi(|dfi − dgi|)dvol = F∞(0)υ(K∞).
Proof. The assertion follows from Proposition 4.5, Proposition 4.16 and Theorem
4.20.
Remark 4.24. By several arguments in section 3 and the proof of Theorem 4.20, we
can also prove the following: If {fi}i satisfies,
1. {fi}i has infinitesimal upper semicontinuity of energy to f∞ at every α ∈ BR(x∞),
2. there exists a dense subset A of BR(x∞) and a Borel subset Aˆ of BR(x∞) such
that υ(BR(x∞) \ Aˆ) = 0 and that for every w ∈ A and wi → w, {〈drwi, dfi〉}i has
infinitesimal convergence property to 〈drw, df∞〉 at every α ∈ Aˆ,
then, dfi → df∞ on BR(x∞).
Remark 4.25. Similarly, for a sequence of Ricci limit spaces {(Yi, yi, υi)}i and a se-
quence of Lipschitz function fi on BR(yi), we can also define a notion of convergence:
dfi → df∞ and prove several properties as above.
Remark 4.26. For fixed Ricci limit space (Y, y, υ), a sequence of Lipschitz functions
fi on BR(y) satisfying supi Lipfi < ∞, we have, dfi → df∞ on BR(y) (in the sense of
the convergence (Y, y, υ)
(idY ,Ri,i)→ (Y, y, υ)) if and only if |Lip(fi − f∞)|L2(BR(y)) → 0. We
shall check it. By Corollary 4.23, it suffices to check that ‘if’ part. We assume that
|Lip(fi− f∞)|L2(BR(y)) → 0. Then, especially, for every w ∈ BR(y), {fi}i has infinitesimal
upper semicontinuity of energy to f∞ at w. On the other hand, by Proposition 4.19, we
have
lim
i→∞
∫
BR(y)
|drxi − drx∞|2dυ = 0
for xi → x∞ ∈ Y . Therefore, {〈drxi, dfi〉} has infinitesimal convergence property to
〈drx∞, df∞〉 at every w ∈ BR(y). Thus, dfi → df∞ on BR(y).
We will give a sufficient condition to satisfy infinitesimal upper semicontinuity of
energy in the next subsection. See Proposition 4.33.
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4.4 Approximation theorem
Throughout this subsection, we shall use the following notation (same to previous subsec-
tion): Let {(Mi, mi, vol)}i be a sequence of pointed, connected n-dimensional complete
Riemannian manifolds with renormalized measure satisfying RicMi ≥ −(n−1), (Y, y, υ) a
Ricci limit space of {(Mi, mi, vol)}, R a positive number, xi a point inMi, x∞ a point in Y
satisfying (Mi, mi, xi, vol)
(φi,Ri,i)→ (Y, y, x∞, υ). The purpose in this subsection is to give
an approximation theorem (Theorem 4.27). Roughly speaking, it means that for given
Lipschitz function on BR(x∞), there exists a sequence of Lipschitz function on BR(xi)
approximating the function in the sense of the topology: (fi, dfi)→ (f∞, df∞).
Theorem 4.27 (Approximation theorem). Let L,R be positive numbers, f∞ a L-
Lipschitz function on BR(x∞), Ai a Borel subset of BR(xi), A∞ a compact subset of
BR(x∞) and fi a L-Lipschitz function on Ai. We assume that lim supi→∞Ai ⊂ A∞
and that f∞|A∞ is an extension of {fi}i asymptotically. Then, for every  > 0, there
exist an open set Ω ⊂ BR(x∞) \ A∞, C(n, L)-Lipschitz function f ∞ on BR(x∞) and a
sequence of C(n, L)-Lipschitz function f i on BR(xi) such that (f

i , df

i ) → (f ∞, df ∞) on
Ω, f

∞|A∞ = f |A∞, f i |Ai = fi|Ai and that
υ(BR(x∞) \ (Ω ∪ A∞))
υ(BR(x∞))
+ |f∞−f ∞|L∞(BR(x∞))+
1
υ∞(BR(x∞))
∫
BR(x∞)
|df ∞−df∞|2dυ < .
Proof. We fix sufficiently small  > 0 and ξ > 0. (We will decide ξ later.) By
Lemma 3.14 and (the proof of) Theorem 3.17, there exist a (pairwise disjoint) collection
of Borel set Ej ⊂ BR(x∞), positive numbers τj > 0, positive integers 1 ≤ kj ≤ n and
points xj1, . . . , x
j
kj
∈ Y satisfying following properties:
1. υ∞(BR(x∞) \
⋃
j Ej) = 0.
2. Ej ⊂
⋂kj
l=1(Dτjxjl \Bτj (x
j
l )).
3. For every w ∈ Ej ,
〈drxjl , drxjlˆ 〉(w) = limr→0
1
υ(Br(w))
∫
Br(w)
〈drxjl , drxjlˆ 〉dυ = δl,lˆ ± 
4. For every w ∈ Ej , there exist aj1(w), . . . , ajkj (w) ∈ R such that
lim
r→0
1
υ(Br(w))
∫
Br(w)
∣∣∣∣∣∣df − d

 kj∑
l=1
ajl (w)rxjl


∣∣∣∣∣∣
2
dυ = 0.
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For every w ∈ Ej , there exists 0 < rw << τj such that Bt(w) ⊂ BR(x∞) and
1
υ(Bt(w))
∫
Bt(w)
∣∣∣∣∣∣df − d

 kj∑
l=1
ajl rxjl


∣∣∣∣∣∣
2
dυ < 
for every 0 < t < rw. We put X =
⋃∞
j=1(Ej \B5ξ(A∞)). By Proposition 2.12, there exists
a pairwise disjoint collection {Bri(zi)}i ⊂ BR(x∞) such that zi ∈ X , ri << min{rzi , , ξ}
and X \⋃Ni=1Bri(zi) ⊂ ⋃∞i=N+1B5ri(zi) for every N . For every i, we take l(i) satisfying
zi ∈ El(i). We fix N satisfying
∑∞
i=N+1 υ(Bri(zi)) < . We take sequences zi(j) → zi and
xlm(j)→ xlm. We define a function F ji on Bri(zi(j)) and a function Fi on Bri(zi) by
F ji =
kl(i)∑
m=1
al(i)m rxl(i)m (j) + Ci, Fi =
kl(i)∑
m=1
al(i)m rxl(i)m + Ci.
Here Ci is the constant satisfying Fi(zi) = f∞(zi).
Claim 4.28. We have LipF ji + LipFi ≤ C(n, L) for every i, j.
The proof is as follows: Since
|df∞(zi)|2 =
∑
s,t
al(i)s a
l(i)
t 〈drxl(i)s , rxl(i)t 〉(zi)(140)
=
∑
s,t
al(i)s a
l(i)
t (δs,t ± )(141)
= (1± )
l(i)∑
s=1
(al(i)s )
2 ± 
∑
s 6=t
|al(i)s ||al(i)t |(142)
= (1± )
l(i)∑
s=1
(al(i)s )
2 ±Ψ(;n)
l(i)∑
s=1
(al(i)s )
2(143)
= (1±Ψ(;n))
l(i)∑
s=1
(al(i)s )
2(144)
and |df∞|(zi) ≤ L, we have
ki∑
m=1
(al(i)m )
2 ≤ L2 +Ψ(;n, L).
Therefore we have Claim 4.28.
Since {Bri(zi(j))}1≤i≤N are pairwise disjoint for every sufficiently large j, we de-
fine a function Fj on
⋃N
m=1B(1−ξ)ri(zi(j)) and a function F∞ on
⋃N
m=1B(1−ξ)ri(zi) by
Fj |B(1−ξ)ri (zi(j)) = F ij |B(1−ξ)ri (zi(j)), F∞|B(1−ξ)ri (zi) = Fj |B(1−ξ)ri (zi).
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Claim 4.29. We have LipFj,LipF∞ ≤ C(n, L) + ξ−1Ψ(;n, L) for every sufficiently
large j.
The proof is as follows. By Claim 4.28, for every i, j, we have Lip(Fj |B(1−ξ)ri (zi(j))) +
Lip(F∞|B(1−ξ)ri (zi)) ≤ C(n, L). There exists j0 such that j << min{ξr1,··· , ξrN} for ev-
ery j ≥ j0. We fix j ≥ j0, 1 ≤ l < m ≤ N , wl(j) ∈ B(1−ξ)rl(zl(j)) and wm(j) ∈
B(1−ξ)rm(zm(j)). Since Brl(zl(j)) ∩ Brm(zm(j)) = ∅, by taking α(j) ∈ ∂Brl(zl) satisfying
wl(j), α(j) + α(j), wm(j) = wl(j), wm(j), we have wl(j), wm(j) ≥ wl(j), α(j) ≥ ξrl. Sim-
ilarly, we have wl(j), wm(j) ≥ ξrm. Thus, we have wl(j), wm(j) ≥ ξ(rl + rm)/2. On the
other hand, since
1
υ(B10rl(zl))
∫
B10rl (zl)
∣∣∣∣∣Lip
(
f∞ −
kl∑
s=1
akls rxkls
)∣∣∣∣∣
2
dυ < ,
by segment inequality on limit spaces ([9, Theorem 2.6]), there exist zˆl, ˆφj(wl(j)) ∈ Brl(zl)
and a minimal geodesic γ from zˆl to ˆφj(wl(j)) such that zl, zˆl + φj(wl(j)), ˆφj(wl(j)) <
Ψ(;n)rl and that∫ zˆl, ˆφj(wl(j))
0
Lip
(
f∞ −
kl∑
s=1
akls rxkls
)
(γ(t))dt < Ψ(;n)rl.
Therefore we have∣∣∣∣∣f∞(zˆl)−
kl∑
s=1
akls rxkls
(zˆl)−
(
f∞( ˆφj(zl(j)))−
kl∑
s=1
akls rxkls
( ˆφj(zl(j)))
)∣∣∣∣∣(145)
≤
∫ zˆl, ˆφj(wl(j))
0
Lip
(
f∞ −
kl∑
s=1
akls rxkls
)
(γ(t))dt < Ψ(;n)rl.(146)
Thus∣∣∣∣∣f∞(zl)−
kl∑
s=1
akls rxkls
(zl)−
(
f∞(φj(zl(j)))−
kl∑
s=1
akls rxkls
(φj(zl(j)))
)∣∣∣∣∣ ≤ Ψ(;n, L)rl.
Especially, we have |Fj(wl(j))−f∞◦φj(wl(j))| ≤ Ψ(;n, L)rl. Similarly, we have |Fj(wm(j))−
f∞ ◦ φj(wm(j))| ≤ Ψ(;n, L)rm and |F∞ − f∞| ≤ Ψ(;n, L)rl on B(1−ξ)rl(zl). Therefore
we have
|Fj(wl(j))− Fj(wm(j))| ≤ |f∞ ◦ φj(wl(j))− f∞ ◦ φj(wl(j))|+Ψ(;n, L)(rl + rm)(147)
≤ Lφj(wl(j)), φj(wm(j)) + Ψ(;n, L)(rl + rm)(148)
≤ L(wl(j), wm(j) + j) + Ψ(;n, L)(rl + rm)(149)
≤ Lwl(j), wm(j) + Ψ(;n, L)(rl + rm)(150)
≤ (L+ ξ−1Ψ(;n, L))wl(j), wm(j).(151)
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Thus, by Claim 4.28, we have LipFj ≤ C(n, L) + ξ−1Ψ(;n, L). Similarly, we have
LipF∞ ≤ C(n, L) + ξ−1Ψ(;n, L). Therefore we have Claim 4.29.
Claim 4.30. For every sufficiently large j, we have
⋃N
i=1B(1−ξ)ri(zi(j)) ⊂Mi\B2ξ(Ai)
and
⋃N
i=1B(1−ξ)ri(zi) ⊂ Y \B2ξ(A∞).
Because, by the definition, we have
⋃N
i=1Bri(zi) ⊂ Y \B2ξ(A∞). On the other hand, by
the assumption, there exists i0 such that for every i ≥ i0, we have φi(Ai) ⊂ Bξ(A∞) and
i << min1≤j≤N{ξrj}. Thus, since φi(
⋃N
i=1B(1−ξ)ri(zi(j))) ⊂
⋃N
i=1Bri(zi) ⊂ Y \B4ξ(A∞)
for every i ≥ i0, we have Claim 4.30.
On the other hand, we remark the following claim:
Claim 4.31. We have
lim
i→∞
sup
Ai
|fi − f∞ ◦ φi| = 0.
The proof is done by a contradiction. We assume that the assertion is false. Then,
there exist τ > 0, a subsequence {n(i)} of N and αi ∈ An(i) such that |fn(i)(αi) − f∞ ◦
φn(i)(αi)| > τ . Without loss of generality, we can assume that there exists α∞ ∈ Y such
that φn(i)(αi) → α∞. Thus, lim inf i→∞ |fn(i)(αi) − f∞(α∞)| ≥ τ . On the other hand,
by the assumption, we have α∞ ∈ A∞ = A∞. Since f∞|A∞ is an extension of {fi}
asymptotically, this is a cotradiction. Therefore we have Claim 4.31.
We put Wj =
⋃N
m=1B(1−ξ)ri(zi(j)) and W∞ =
⋃N
m=1B(1−ξ)ri(zi). By Claim 4.30, we
can define a Lipschitz function Gj on Wj ∪Aj and a Lipschitz function G∞ on W∞ ∪A∞
by Gj |Wj = Fj |Wj , Gj |Aj = fj , G∞|W∞ = F∞|W∞ and G∞|A∞ = f∞|A∞.
Claim 4.32. We have LipGj,LipG∞ ≤ C(n, L) + ξ−1Ψ(;n, L) for every sufficiently
large j.
The proof is as follows. We put ξj = supAj |fj − f∞ ◦ φj|. Then by the proof of Claim
4.29, there exists j0 such that for every j ≥ j0, αj ∈ B(1−ξ)ri(zi(j)) and βj ∈ Aj , we have
|Gj(αj)−Gj(βj)| = |Fj(αj)− fj(βj)|(152)
≤ |F∞ ◦ φj(αj)− f∞ ◦ φj(βj)|+Ψ(;n, L)ri + ξj(153)
≤ |f∞ ◦ φj(αj)− f∞ ◦ φj(βj)|+Ψ(;n, L)ri + ξj(154)
≤ Lφj(αj), φj(βj) + Ψ(;n, L)ri(155)
≤ L(αj, βj + j) + Ψ(;n, L)ξ(156)
≤ (L+Ψ(;n, L))αj , βj.(157)
Therefore, by Claim 4.29, we have LipGj ≤ C(n, L) + ξ−1Ψ(;n, L) for every sufficiently
large j. Similarly, we have LipG∞ ≤ C(n, L) + ξ−1Ψ(;n, L). Thus, we have Claim 4.32.
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For Ψ = Ψ(;n, L) in Claim 4.32, we put ξ =
√
Ψ. We take a Lipschitz function f j on
Mi and a Lipschitz function f

∞ on Y satisfying that Lipf

j = LipGj, Lipf

∞ = LipG∞,
f j |Wj∪Aj = Fj |Wj∪Aj and f ∞|W∞∪A∞ = F∞|W∞∪A∞ . We put Ω = W∞. Then, by the
definition, Proposition 4.19 and Corollary 4.22, we have (f i , df

i )→ (f ∞, df ∞) on Ω. We
have
∫
BR(x∞)
|df∞ − df ∞|2dυ ≤
∫
X\B5ξ(A∞)
|df∞ − df ∞|2dυ +
∫
B5ξ(A∞)
|df∞ − df ∞|2dυ
(158)
≤
N∑
i=1
∫
B(1−ξ)ri (zi)
|df∞ − df ∞|2dυ(159)
±
(
5L2υ(B5ξ(A∞) \A∞) +
∫
A∞
|df ∞ − df∞|2dυ +Ψ(;n, L)
)
(160)
≤
N∑
i=1
υ(B(1−ξ)ri(zi))±
(
5L2υ(B5ξ(A∞) \ A∞) + Ψ(;n, L)
)
(161)
≤ υ(BR(x∞))±
(
5L2υ(B5ξ(A∞) \ A∞) + Ψ(;n, L)
)
(162)
and
υ(BR(x∞) \ (Ω ∪ A∞)) ≤ υ(X \ (Ω ∪A∞)) + υ(Bξ(A∞) \ A∞)(163)
≤
∞∑
i=N+1
υ(B5ri(zi)) + υ(Bξ(A∞) \ A∞)(164)
≤ C(n)+ υ(Bξ(A∞) \ A∞).(165)
Since A∞ is compact, we remark that limr→0 υ(Br(A∞) \ A∞) = 0. We put τ(r) =
υ(Br(A∞) \ A∞). On the other hand, by the proof of Claim 4.29, we have |f ∞ − f∞| <
Ψ(;n, L) on Ω∪A∞. For every w ∈ BR(x∞), there exists wˆ ∈ Ω∪A∞ such that w, wˆ <
Ψ(, τ(5ξ);n, L, υ(BR(x∞))). Therefore, we have |f ∞(w)− f∞(w)| ≤ |f ∞(wˆ)− f∞(wˆ)| +
Ψ(, τ(5ξ);n, L, υ(BR(x∞))) ≤ Ψ(, τ(5ξ);n, L, υ(BR(x∞))). Thus, we have |f ∞ − f∞| <
Ψ(, τ(5ξ);n, L, υ(BR(x∞))) on BR(x∞). Therefore, we have the assertion.
As a corollary of Theorem 4.27, we shall give a sufficient condition to satisfy infinites-
imal upper semicontinuity of energy:
Proposition 4.33. Let R be a positive number, fi a C
2-function on BR(xi)(i ∈ N),
f∞ a Lipschitz function on BR(x∞). Assume that
sup
i
(
Lipfi +
∫
BR(xi))
|∆fi|dvol
)
<∞
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and fi → f∞ on BR(x∞). Then, we have
lim sup
i→∞
∫
BR(xi)
(Lipfi)
2dvol ≤
∫
BR(x∞)
(Lipf∞)2dυ.
Especially, the sequence {fi}i has infinitesimal upper semicontinuity of energy to f∞ at
every w ∈ BR(x∞).
Proof. We put gi = ∆fi. First, we shall remark the following:
Claim 4.34. For every Lipschitz function k on BR(xi) satisfying suppk ⊂ BR(xi), we
have∫
BR(xi)
|d(fi + k)|2dvol− 2
∫
BR(xi)
gi(fi + k)dvol ≥
∫
BR(xi)
|dfi|2dvol− 2
∫
BR(xi)
gifidvol.
Because, since∫
BR(xi)
|d(fi + k)|2dvol− 2
∫
BR(xi)
gi(fi + k)dvol =
∫
BR(xi)
|dfi|2dvol− 2
∫
BR(xi)
gifidvol
+
∫
BR(xi)
|dk|2dvol,
we have Claim 4.34.
We fix  > 0 and take L ≥ 1 satisfying
sup
i
(
Lipfi + |fi|L∞ +
∫
BR(xi)
|gi|dvol
)
< L.
Since lim supi→AR−,R(xi) ⊂ AR−,R(x∞), by Theorem 4.27, there exist a C(n, L)-Lipschitz
function f ∞ on BR(x∞), a C(n, L)-Lipschitz function f

i on BR(xi) and an open set Ω ⊂
BR(x∞) \AR−,R(x∞) such that f ∞|AR−,R(x∞) = f∞|AR−,R(x∞), f i |AR−,R(xi) = fi|AR−,R(xi),
(f i , df

i )→ (f ∞, df ∞) on Ω and that
υ (BR(x∞) \ (Ω ∪AR−,R(x∞)))
υ(BR(x∞))
+ |f∞ − f ∞|L∞(BR(x∞)) +
1
υ∞(BR(x∞))
∫
BR(x∞)
|df ∞ − df∞|2dυ
< .
By Claim 4.34, we have∫
BR(xi)
|df i |2dvol− 2
∫
BR(xi)
gif

i dvol ≥
∫
BR(xi)
|dfi|2dvol− 2
∫
BR(xi)
gifidvol.
By Proposition 2.12, without loss of generality, we can assume that there exists a pairwise
disjoint finite collection {Bri(zi)}1≤i≤N such that Ω =
⋃N
i=1Bri(zi). We take a sequence
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zi(j) → zi. We put Ω(j) =
⋃N
i=1Bri(zi(j)). Since vol(Ω(j) ∪ AR−,R(xi))/volBR(xi) ≥
1−  for every sufficiently large j, by Proposition 4.13, we have∣∣∣∣∣
∫
BR(xj)
|df j |2dvol−
∫
BR(x∞)
|df∞|2dυ
∣∣∣∣∣ < Ψ(;n, L,R)υ(BR(x∞)).
On the other hand, since supBR(xj) |f j−fj | ≤ C(n,R, L) supΩ(j) |f j−fj | and lim supj→∞ supΩ(j) |f j−
fj | ≤ supΩ |f ∞ − f∞|, we have∣∣∣∣∣
∫
BR(xj)
gjf

j dvol−
∫
BR(xj)
gjfjdvol
∣∣∣∣∣ ≤ supBR(xj) |f j−fj |
∫
BR(xj)
|gj|dvol ≤ Ψ(;n,R, L)υ(BR(x∞))
for every sufficiently large j. Therefore, by Proposition 4.13, we have
lim sup
i→∞
∫
BR(xi)
|dfi|2dvol ≤
∫
BR(x∞)
|df ∞|2dυ +Ψ(;n, L,R)υ(BR(x∞)).
Thus, we have
lim sup
i→∞
∫
BR(xi)
|dfi|2dvol ≤
∫
BR(x∞)
|df∞|2dυ +Ψ(;n, L,R)υ(BR(x∞)).
By letting → 0, we have the assertion.
Next corollary follows from Remark 4.8 and Proposition 4.33 directly:
Corollary 4.35. Let R be a positive number, fi a C
2-function on BR(xi) and f∞
Lipschitz functions on BR(x∞). Assume that
sup
i
(
Lipfi +
∫
BR(xi))
|∆fi|2dvol
)
<∞
and fi → f∞ on BR(x∞). Then, we have (fi, dfi)→ (f∞, df∞) on BR(x∞).
Corollary 4.36. Let R be a positive number, fi a C
2-function on BR(xi) and f∞ a
Lipschitz function on BR(x∞) satisfying supi(Lipfi + |∆fi|L∞(BR(xi))) < ∞. We assume
that fi → f∞ on BR(x∞) and that there exists a L∞-function g∞ on BR(x∞) such that
{∆fi}i has infinitesimal convergence property to g∞ at a.e. w ∈ BR(x∞). Then, for every
Lipschitz function k∞ satisfying suppk∞ ⊂ BR(x∞), we have∫
BR(x∞)
〈df∞, dk∞〉dυ =
∫
BR(x∞)
k∞g∞dυ.
Proof. By Corollary 4.35, we have (fi, dfi)→ (f∞, df∞) on BR(x∞). We take L ≥ 1
satisfying supi(Lipfi+|fi|L∞+|∆fi|L∞) < L. We put r = supw∈suppk∞ x∞, w and gi = ∆fi.
By compactness of suppk∞, we have r < R. We fix  > 0 satisfying  < R−r. By Theorem
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4.27, there exist a C(n, L)-Lipschitz function k∞ on BR(x∞), a C(n, L)-Lipschitz function
ki on BR(xi) and an open set Ω ⊂ BR(x∞) \ AR−,R(x∞) such that k∞|AR−,R(x∞) = 0,
ki |AR−,R(xi) = 0, (ki , dki)→ (k∞, dk∞) on Ω and that
υ (BR(x∞) \ (Ω ∪AR−,R(x∞)))
υ(BR(x∞))
+ |k∞ − k∞|L∞(BR(x∞)) +
1
υ∞(BR(x∞))
∫
BR(x∞)
|dk∞ − dk∞|2dυ
< .
By Proposition 4.11, {kigi}i has infinitesimal convergence property to k∞g∞ at a.e. w ∈
Ω. By an argument similar to the proof of Proposition 4.33, and Proposition 4.13, we
have∣∣∣∣
∫
BR(xi)
〈dfi, dki〉dvol−
∫
BR(x∞)
〈df∞, dk∞〉dυ
∣∣∣∣+
∣∣∣∣
∫
BR(xi)
gik

idvol−
∫
BR(x∞)
g∞k∞dυ
∣∣∣∣
< Ψ(;n, L,R)υ(BR(x∞))
for every sufficiently large i. Since∫
BR(xi)
〈dfi, dki〉dvol =
∫
BR(xi)
gik

idvol,
we have ∫
BR(x∞)
〈df∞, dk∞〉dυ =
∫
BR(x∞)
g∞k∞dυ ±Ψ(;n, L,R)υ(BR(x∞)).
By letting → 0, we have the assertion.
The following corollary follows from Corollary 4.35 and 4.36 directly. See also [24].
Corollary 4.37. Let R be a positive number, fi a harmonic function on BR(xi)
and f∞ a Lipschitz function on BR(x∞) satisfying supi Lipfi < ∞. We assume that
fi → f∞ on BR(x∞). Then, we have (fi, dfi) → (f∞, df∞) on BR(x∞). Moreover, for
every Lipschitz function k∞ satisfying suppk∞ ⊂ BR(x∞), we have∫
BR(x∞)
〈df∞, dk∞〉dυ = 0.
Especially f∞ is a harmonic function on BR(x∞).
5 Harmonic functions on asymptotic cones
In this section, we will give several applications of results in section 4 to harmonic func-
tions on asymptotic cones of manifolds with nonnegative Ricci curvature and Euclidean
volume growth via Colding-Minicozzi theory [17, 18, 19, 20, 21, 22] for harmonic func-
tions on manifolds. Throughout this section, we will always assume that dimensions of
all manifolds are greater than 2.
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5.1 Convergence of frequency functions
Throughout this section 5, we fix an n-dimensional complete Riemannian manifolds M
satisfying RicM ≥ 0 and Euclidean volume growth condition:
lim
R→∞
volgM BR(m)
Rn
> 0.
Here m is a point in M and gM is the Riemannian metric of M . We remark that by
Bishop-Gromov volume comparison theorem, the limit above always exists and does not
depend on choice ofm. We denote the limit by V gMM = limR→∞ vol
gMBR(m)/R
n. It is easy
to check that V r
−2gM
M = V
gM
M for r > 0. Therefore we shall use the notaiton: VM = V
gM
M .
We fix a point m ∈ M below. Then the global Green’s function GgM (m, x) on M with
singularity at m exists. See [79]. First, we shall introduce an important result about
asymptotic behavior of GgM by Colding-Minicozzi:
Theorem 5.1 (Colding-Minicozzi, [20]). We have
lim
m,x→∞
GgM (m, x)
m, x2−n
=
volB1(0n)
VM
.
By the definition of Green’s function, we have
Gr
−2gM (m, x) =
GgM (m, x)
r2−n
.
It is known that there exists C1 > 1 such that m, x
2−n ≤ GgM (m, x) ≤ C1m, x2−n for
every m 6= x. We define a smooth function bgMm on M \ {m} by
bgMm (x) =
(
VM
volB1(0n)
GgM (m, x)
) 1
2−n
.
Thus we have br
−2gM
m = b
gm
m /r. We shall use the notation b
gM = bgMm simply. Then we have(
VM
volB1(0n)
)2−n
m, yr
−2gM ≤ br−2gM (y) ≤
(
C1VM
volB1(0n)
)2−n
m, yr
−2gM
for every r > 0. We put bgM (m) = 0. It is easy to check
∇gM bgM = VM
(2− n)volB1(0n)(b
gM )n−1∇gMGgM (m, ·).
On the other hand, for every  > 0, there exists R() > 0 such that∫
bgM≤R
||∇bgM |2 − 1|2dvol ≤ vol({bgM ≤ R}),
∫
bgM≤R
|Hess(bgM )2 − 2gM |2dvol ≤ vol({bgM ≤ R})
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for every R > R() and that ∣∣∣∣ bgM (x)m, xgM − 1
∣∣∣∣ < 
for every x ∈ M \ BR()(m). See (2.23), (2.24) and (2.25) in [19] or section 4 in [20] for
proofs of these results.
Lemma 5.2. We have
lim
R→∞
vol({bgM ≤ R})
volBgMR (m)
= 1
Proof. For every 0 <  < 1, we take R() > 0 as above. We put
Rˆ() =
(
C1VM
volB1(0n)
)2−n
R() +R().
We take R > Rˆ(). First, we shall show BR(m) ⊂ {bgM ≤ (1+ )R}. We take y ∈ BR(m).
By the definition of bgM , if y = m, then y ∈ {bgM ≤ (1 + )R}. If y 6= m and m, y ≤ R(),
then we have
bgM (y) ≤
(
C1VM
volB1(0n)
)2−n
m, y ≤
(
C1VM
volB1(0n)
)2−n
R() ≤ Rˆ() ≤ R.
Especially, we have y ∈ {bgM ≤ (1 + )R}. On the other hand, by the definition of R(),
if m, y > R(), then |bgM (y)−m, y| < m, y. Especially, we have bgM (y) ≤ (1 + )m, y <
(1 + )R. Thus, we have BR(m) ⊂ {bgM ≤ (1 + )R}. Next, we shall show {bgM ≤
(1 + )R} ⊂ B 1+
1−R
(m). We take x ∈ {bgM ≤ (1 + )R} satisfying m, x ≥ R(). Then, we
have (1 − )m, x ≤ bgM (x) ≤ (1 + )R. Thus, we have {bgM ≤ (1 + )R} ⊂ B 1+
1−R
(m).
Therefore, we have B R
1+
(m) ⊂ {bgM ≤ R} ⊂ B R
1−
(m) for every R > 2Rˆ(). Since
lim
R→∞
volB R
1−
(m)
volB R
1+
(m)
=
(
1 + 
1− 
)n
,
we have the assertion.
We shall define frequency functions for harmonic functions on M . For R > 0, 0 < r <
R and a harmonic function u on {bgM < R}, we put
IgMu (r) = r
1−n
∫
bgM=r
u2|∇gM bgM |dvolgMn−1,
DgMu (r) = r
2−n
∫
bgM≤r
|∇gMu|2dvolgM
and
F gMu (r) = r
3−n
∫
bgM=r
∣∣∣∣∂u∂n
∣∣∣∣2 |∇bgM |dvolgMn−1.
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Here n is the unit outer vector of {bgM = r}, volgMn−1 is the (n− 1)-dimensional Hausdorff
measure with respect to the Riemannian metric gM . Moreover, we put
UgMu (r) =
DgMu (r)
IgMu (r)
if IgMu (r) 6= 0,
UgMu (r) = 0 if I
gM
u (r) = 0
and call the function UgMu on (0, R) frequency function for u. We remark that the critical
set of bgM has codimension two. See [12], [38] or [19, Remark 2.11]. By maximum principle
on manifolds, UgMu (r) = 0 for some 0 < r < R if and only if u is a constant function. The
following fundamental properties of functions above are given in [19]:
DgMu (r) ≤
(r
s
)2−n
DgMu (s),
dIgMu
dr
= 2
DgMu (r)
r
,
IgMu (s) = exp
(
2
∫ s
r
UgMu (t)
t
dt
)
IgMu (r)
for r < s (see (2.10), (2.12), (2.13) and (2.14) in [19]). For every τ, r > 0, R > rτ
and harmonic function u on {bgM < R}, we put uτ = u/τ . Then we have Dτ−2gMuτ (r) =
τ−2DgMu (rτ), I
τ−2gM
uτ (r) = τ
−2IgMu (rτ), F
τ−2gM
uτ (r) = τ
−2F gMu (rτ) and U
τ−2gM
uτ (r) = U
gM
u (rτ).
We shall recall the definition of asymptotic cone (or tangent cone at infinity) of M by
Cheeger-Colding:
Definition 5.3 (Asymptotic cone). For pointed proper geodesic space (M∞, m∞),
we say that (M∞, m∞) is an asymptotic cone (or tangent cone at infinity) of M if there
exists a sequence Ri →∞ such that (M,m,R−1i dM)→ (M∞, m∞).
We fix an asymptotic cone (M∞, m∞) of M and a sequence Ri → ∞ satisfying
(M,m,R−1i dM) → (M∞, m∞) in this subsection below. We remark that by [7, Theo-
rem 5.9], we have (M,m,R−1i dM , vol
R−2i gM ) → (M∞, m∞, Hn). We shall introduce an
important result for asymptotic cones by Cheeger-Colding:
Theorem 5.4 (Cheeger-Colding, [6]). With same notation as above, there exists a
compact geodesic space X such that diamX ≤ pi and (M∞, m∞) = (C(X), p).
See [4, Theorem 9.79] or [6] for the proof. We fix X as in Theorem 5.4. For R > 0,
0 < r < R and Lipschitz function u on BR(p) satisfying that u is harmonic on BR(p), we
put
Iu(r) = r
1−n
∫
∂Br(p)
u2dHn−1
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and
Du(r) = r
2−n
∫
Br(p)
|du|2dHn.
Moreover, we put
Uu(r) =
Du(r)
Iu(r)
if Iu(r) 6= 0
and
Uu(r) = 0 if Iu(r) = 0.
We also remark that by Proposition 7.22, the function
Fu(r) = r
3−n
∫
∂Br(p)
〈drp, du〉2dHn−1.
is well defined for a.e. r ∈ (0, R).
Remark 5.5. We remark the following: Let R be a positive number, ui a harmonic
function on BgMRRi(m). Assume that supi |(ui)Ri|L∞(BR−2i gMr (m)) < ∞ for every 0 < r < R.
Then we have supi Lip
(
(ui)Ri |
B
R−2
i
gM
r (m)
)
< ∞ for every 0 < r < R. The proof is as
follows. We fix rˆ satisfying r < rˆ < R. Since Br(p) is convex, it is not difficult to see
that there exists i0 such that for every i ≥ i0, x1(i), x2(i) ∈ BR
−2
i gM
r (m) and geodesic γi
from x1(i) to x2(i), we have Imageγi ⊂ BR
−2
i gM
rˆ (m). Therefore, by Cheng-Yau’s gradient
estimate, we have lim supi→∞ Lip
(
(ui)Ri |
B
R−2
i
gM
r (m)
)
<∞ for every 0 < r < R. Thus we
have the assertion.
Proposition 5.6. Let R be a positive number, ui a harmonic function on B
gM
RRi
(m)
and u∞ a Lipschitz function on BR(p). We assume that supi |(ui)Ri |
L∞(B
R−2
i
gM
r (m))
< ∞
and (ui)Ri → u∞ on Br(p) for every 0 < r < R. Then, for every 0 < r < s < R, we have
lim
i→∞
sup
t∈[r,s]
∣∣∣DR−2i gM(ui)Ri (t)−Du∞(t)
∣∣∣ = 0
and
lim
i→∞
sup
t∈[r,s]
∣∣∣IR−2i gM(ui)Ri (t)− Iu∞(t)
∣∣∣ = 0
Proof. We fix 0 < rˆ < r < s < sˆ < R. We take L ≥ 1 such that |u∞|L∞(Bsˆ(x∞)) +
Lipu∞ ≤ L. We fix  > 0 satisfying  << min{rˆ, R − sˆ}. Then, by the proof of Lemma
5.2, there exists R1() > 1 such that
BgM(1−2)R(m) ⊂ {bgM ≤ R} ⊂ BgM(1+2)R(m)
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and ∫
bgM≤R
∣∣|∇gM bgM |2 − 1∣∣2 ≤ 8vol{bgM ≤ R}
for every R > R1(). Especially, by Cauchy-Schwartz inequality, we have∫
bgM≤R
∣∣|∇gM bgM |2 − 1∣∣ ≤ 4vol{bgM ≤ R}
and ∫
bgM≤R
||∇gM bgM | − 1| ≤ 2vol{bgM ≤ R}.
For 0 < t < R, we put
Fi(t) =
∫
bR
−2
i
gM≤t
(ui)
2
Ri
|∇R−2i gM bR−2i gM |2dvolR−2i gM .
Then, we have
dFi
dt
(t) =
∫
bR
−2
i
gM=t
(ui)
2
Ri
|∇R−2i gM bR−2i gM |dvolR
−2
i gM
n−1 = I
R−2i gM
(ui)Ri
(t)tn−1.
Thus, we have
d2Fi
dt2
(t) = 2tn−1
D
R−2i gM
(ui)Ri
(t)
t
+ (n− 1)IR
−2
i gM
(ui)Ri
(t)tn−2
= 2
∫
bR
−2
i
gM≤t
|∇R−2i gM (ui)Ri|2dvolR
−2
i gM +
(n− 1)
t
∫
bR
−2
i
gM=t
(ui)
2
Ri
|∇R−2i gM bR−2i gM |2dvolR−2i gMn−1 .
On the other hand, in general, for every C2-function f on R, we have
f(t) = f(a) + (t− a)f ′(a)−
∫ t
a
(s− t)f ′′(s)ds
for every a, s, t ∈ R. Therefore, for every 0 < t < R, we have∣∣∣∣Fi(t+ )− Fi(t) −
∫
bR
−2
i
gM=t
(ui)
2
Ri
|∇R−2i gM bR−2i gM |dvolR−2i gM
∣∣∣∣
≤
∫ t+
t
2
∫
bR
−2
i
gM≤a
|∇R−2i gM (ui)Ri |2dvolR
−2
i gMda
+ (n− 1)
∫ t+
t
a−1
∫
bR
−2
i
gM=a
(ui)
2
Ri
|∇R−2i gM bR−2i gM |dvolR−2i gMda
≤ 2
∫
bR
−2
i
gM≤t+
|∇R−2i gM (ui)Ri|2dvolR
−2
i gM +
n− 1
t
∫
t≤bgM≤t+
(ui)
2
Ri
|∇R−2i gM bR−2i gM |2dvolR−2i gM .
By Proposition 2.15, there exists i0 ∈ N such that Rirˆ ≥ 10R1(), |(ui)Ri|
L∞(B
R−2
i
gM
sˆ (m))
≤
10L and
sup
a∈[0,R]
∣∣∣volR−2i gM BR−2i gMa (m)−Hn(Ba(p))∣∣∣ < 2
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for every i ≥ i0. Then, by Cheng-Yau’s gradient estimate, for every i ≥ i0 and r < t < s,∫
bR
−2
i
gM≤t+
|∇R−2i gM (ui)Ri |2dvolR
−2
i gM ≤
∫
B
R−2
i
gM
(1+)(t+)
(m)
|∇R−2i gM (ui)Ri |2dvolR
−2
i gM(166)
≤ C(n, L,R).(167)
Here, we used Hn(BR(p)) = R
nHn(B1(p)) ≤ RnC(n). Moreover, we have
∫
t≤bR
−2
i
gM≤t+
(ui)
2
Ri
|∇R−2i gM bR−2i gM |2dvolR−2i gM
(168)
≤
∫
t≤bR−2i gM≤t+
(ui)
2
Ri
dvolR
−2
i gM +
∫
t≤bR−2i gM≤t+
(ui)
2
Ri
∣∣∣|∇R−2i gM bR−2i gM |2 − 1∣∣∣ dvolR−2i gM
(169)
≤
∫
t≤bR
−2
i
gM≤t+
(ui)
2
Ri
dvolR
−2
i gM + 100L2volR
−2
i gM{t ≤ bR−2i gM ≤ t+ }
(170)
≤ 200L2volR−2i gM{t ≤ bR−2i gM ≤ t + }
(171)
≤ 200L2volR−2i gM AR
−2
i gM
m
(
(1− 2)t, (1 + 2)(t+ ))
(172)
≤ 200L2Hn (Ap ((1− 2)t, (1 + 2)(t+ )))+ 300L22.(173)
On the other hand, we have
Fi(t + )− Fi(t)

=
1

∫
t≤bR
−2
i
gM≤t+
(ui)
2
Ri
dvolR
−2
i gM(174)
± 1

∫
t≤bR
−2
i
gM≤t+
(ui)
2
Ri
∣∣∣|∇R−2i gM bR−2i gM |2 − 1∣∣∣ dvolR−2i gM ,(175)
and
1

∫
t≤bR
−2
i
gM≤t+
(ui)
2
Ri
∣∣∣|∇R−2i gM bR−2i gM |2 − 1∣∣∣ dvolR−2i gM(176)
≤ 100L
2

∫
bR
−2
i
gM≤t+
∣∣∣|∇R−2i gM bR−2i gM |2 − 1∣∣∣ dvolR−2i gM(177)
≤ 100L
2

2volR
−2
i gM
(
{bR−2i gM ≤ t+ }
)
(178)
≤ 100L2
volgMBgM(1+2)(t+)Ri(m)
Rni
(179)
≤ C(n, L,R).(180)
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We remark that∣∣∣∣
∫
t≤bR
−2
i
gM≤t+
(ui)
2
Ri
dvolR
−2
i gM −
∫
A
R−2
i
gM
m (t,t+)
(ui)
2
Ri
dvolR
−2
i gM
∣∣∣∣(181)
≤ 100L2volR−2i gM
(
{t ≤ bR−2i gM ≤ t+ }4AR−2i gMm (t, t + )
)
.(182)
Here A4B = (A \B) ∪ (B \ A).
Claim 5.7. We have
{t ≤ bR−2i gM ≤ t+ }4AR−2i gMm (t, t + )(183)
⊂ AR−2i gMm
(
(1− 2)(t+ ), (1 + 2)(t+ )) ∪ AR−2i gMm ((1− 2)t, (1 + 2)t)(184)
for every i ≥ i0 and r < t < s.
The proof is as follows. We put Ai(t) = {t ≤ bR
−2
i gM ≤ t + }4AR−2i gMm (t, t + ).
First, we take y ∈ {t ≤ bR−2i gM ≤ t + /2} ∩ Ai(t). Then we have y ∈ BR
−2
i gM
(1+2)(t+/2)(m).
Especially, we have
m, yR
−2
i gM ≤ (1 + 2)(t+ 
2
) < t + .
Since y ∈ M \ AR−2i gMm (t, t + ), we have y ∈ BR
−2
i gM
t (m). Thus, we have {t ≤ bR
−2
i gM ≤
t + /2} ∩ Ai(t) ⊂ BR
−2
i gM
t (m) \ BR
−2
i gM
(1−2)t (m). Similarly, we have {t + /2 ≤ bR
−2
i gM ≤
t+ } ∩Ai(t) ⊂ BR
−2
i gM
(1+2)(t+)(m) \B
R−2i gM
t+ (m). Therefore, we have
{t ≤ bR−2i gM ≤ t+ } ∩ Ai(t) ⊂ AR
−2
i gM
m ((1− 2)t, t) ∪AR
−2
i gM
m (t + , (1 + 
2)(t+ )).
Next, we take x ∈ Ai(t) ∩AR
−2
i gM
m (t, t+ /2). Then we have
bR
−2
i gM (x) ≤ (1 + 2)m, xR−2i gM ≤ (1 + 2)(t+ /2) < t+ .
Since x ∈ M \ {t ≤ bR−2i gM ≤ t + }, we have bR−2i gM (x) < t. Therefore, we have
x ∈ BR−2i gM(1+2)t (m). Thus, we have A
R−2i gM
m (t, t+/2)∩Ai(t) ⊂ AR
−2
i gM
m (t, (1+2)t). Similarly,
we have A
R−2i gM
m (t+ /2, t+ )∩Ai(t) ⊂ AR
−2
i gM
m (t+ , (1 + 2)(t+ )). Therefore we have
Claim 5.7.
By Claim 5.7 and Bishop-Gromov volume comparison theorem, we have
−1volR
−2
i gM
(
{t ≤ bR−2i gM ≤ t+ }4AR−2i gMm (t, t + )
)
(185)
≤ −1volR−2i gM
(
A
R−2i gM
m
(
(1− 2)(t+ ), (1 + 2)(t+ )))(186)
+ −1volR
−2
i gM
(
A
R−2i gM
m
(
(1− 2)t, (1 + 2)t)))(187)
≤ 3−12volR−2i gMn−1
(
∂B
R−2i gM
(1−2)(t+)(m) \ Cm
)
+ 3−12vol
R−2i gM
n−1
(
∂B
R−2i gM
(1−2)t (m) \ Cm
)
(188)
≤ 6vol ∂BR(0n).(189)
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Therefore we have∣∣∣∣
∫
t≤bR
−2
i
gM≤t+
(ui)
2
Ri
dvolR
−2
i gM −
∫
A
R−2
i
gM
m (t,t+)
(ui)
2
Ri
dvolR
−2
i gM
∣∣∣∣ ≤ 600L2vol ∂BR(0n).
for every i ≥ i0 and r < t < s. We take the canonical retraction, pit from C(X) to Bt(p)
for every t > 0. It is easy to check that pit is 1-Lipschitz map. We put u
t
∞ = (u∞)
2 ◦ pit.
We have Liput∞ ≤ Lip(u∞)2. By Proposition 7.22, we have∣∣∣∣
∫ t+
t
∫
∂Ba(p)
(u∞)2dHn−1da−
∫ t+
t
∫
∂Ba(p)
ut∞dH
n−1da
∣∣∣∣(190)
≤
∫
Ap(t,t+)
|(u∞)2 − ut∞|dHn(191)
≤ Lip(u∞)2Hn(Ap(t, t + )).(192)
for every r < t < s. On the other hand,∫ t+
t
∫
∂Ba(p)
ut∞dH
n−1da =
∫ t+
t
(a
t
)n−1 ∫
∂Bt(p)
(u∞)2dHn−1da(193)
=
∫
∂Bt(p)
(u∞)
2dHn−1
∫ t+
t
(a
t
)n−1
da(194)
= Iu∞(t)
(t+ )n − tn
n
(195)
= Iu∞(t)(t
n−1 ±Ψ(;n,R)).(196)
Therefore we have
lim
i→∞
sup
t∈[r,s]
∣∣∣IR−2i gM(ui)Ri (t)− Iu∞(t)
∣∣∣ = 0.
Next, we shall prove
lim
i→∞
sup
t∈[r,s]
∣∣∣DR−2i gM(ui)Ri (t)−Du∞(t)
∣∣∣ = 0.
We shall use same notations as above. It is clear that
t2−n
∫
B
R−2
i
gM
(1−2)t (m)
|∇R−2i gM (ui)Ri |2dvolR
−2
i gM ≤ DR−2i gM(ui)Ri (t)
(197)
≤ t2−n
∫
B
R−2
i
gM
(1+2)t
(m)
|∇R−2i gM (ui)Ri |2dvolR
−2
i gM(198)
for every i ≥ i1 and r < t < s. On the other hand, we have∫
A
R−2
i
gM
m ((1−2)t,(1+2)t)
|∇R−2i gM (ui)Ri |2dvolR
−2
i gM (m)(199)
≤ C(n, L,R)volR−2i gM AR−2i gMm ((1− 2)t, (1 + 2)t))(200)
≤ C(n, L,R) (Hn (Ap((1− 2)t, (1 + 2)t))+ ) .(201)
Therefore, by Theorem 4.37, we have the assertion.
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For every 0 < r < R and harmonic function u on {bgM < R}, we put
EgMu (r) = r
2−n
∫
bgM≤r
|∇gMu|2|∇gMbgM |2dvolgM .
It is easy to check that for every τ, r, R > 0 satisfying R > rτ and a harmonic function u
on {bgM < R}, we have Eτ−2gMuτ (r) = τ−2EgMu (τr). By an argument similar to the proof
of Proposition 5.6 (or [19, Proposition 3.3]), we have the following:
Proposition 5.8. With same assumption as in Lemma 5.6, we have
lim
i→∞
sup
t∈[r,s]
∣∣∣ER−2i gM(ui)Ri (t)−Du∞(t)
∣∣∣ = 0
for every 0 < r < s < R.
We shall introduce an important result [23, Theorem 2.1] by Ding:
Theorem 5.9 (Ding, [23]). For every 0 < r < R, all harmonic functions on BR(p)
are Lipschitz on Br(p). Moreover, for every 0 < r < s < R and harmonic function v on
BR(p), there exist a subsequence {n(i)}i of N and a sequence of harmonic functions vn(i)
on B
R−2
n(i)
gM
s (m) such that vn(i) → u∞ on Br(x∞).
Proof. We shall give an outline of the proof only. First, we shall show that u∞ is
Lipschitz function. By [51, Proposition 5.1], for every u ∈ H1,2(Mi) and R > 0, we have∫
M
u(y)2HR
−2gM (t, y, x)dvolR
−2gM
y ≤ 2t
∫
M
|dR−2gMu|2dvolR−2gMy(202)
+
(∫
M
u(y)HR
−2gM (t, y, x)dvolR
−2gM
y
)2
(203)
for a.e. x ∈M . Here. HR−2gM (t, y, x) is the heat kernel for rescaled manifold (M,R−2gM).
By [24, Theorem 5.54] and [5, Lemma 10.3] (or Theorem 4.27), for every u ∈ K(C(X)),
we have,∫
C(X)
u(y)2H∞(t, y, x)dHn(y) ≤ 2t
∫
C(X)
|du|2dHn(y) +
(∫
C(X)
u(y)H∞(t, y, x)dHn(y)
)2
for a.e. x ∈ C(X). Here H∞ is as in [24, Theorem 5.54]. Since K(C(X)) is dense in
H1,2(C(X)), the inequality above holds for every u ∈ H1,2(C(X)). Next, we fix x ∈ X
and 0 < t < R. Then, by Bishop-Gromov volume comparison theorem, it is easy to
check that Hn(Bt((1, x))) ≥ C(n, VM)tn. For every R > 0, we define the map φR from
Ap(R−t, R+t) to Ap(1− tR , 1+ tR) by φR((tˆ, x)) = (tˆ/R, x). Since Hn(φR(A)) = RnHn(A)
for every Borel subset A ⊂ Ap(R− t, R + t), we have
Hn(Bt(R, x)) = R
nHn(B t
R
(1, x)) ≥ C(n, VM)tn.
87
Therefore, (C(X), Hn) is Ahlfors n-regular metric measure space (see section 1 in [51]).
By [24, Theorem 6.1], [24, Theorem 6.20] and [51, Theorem 1.1], u∞ is locally Lipschitz
function on BR(p). By convexity of Bs(p) and the proof of [51, Theorem 1.1], u∞ is
Lipschitz on Bs(p). Next, we shall take L ≥ 1 satisfying Lip(u∞|Bs(p)) + |u∞|L∞(Bs(p)) ≤
L. Without loss of generality, we can assume that there exists a sequence of Lipschitz
functions fi on B
R−2i gM
s (m) such that Lipfi + |fi|L∞(Bs(p)) ≤ 10L and fi → u∞ on Bs(p).
We take a harmonic function ui on B
R−2i gM
s (m) such that
ui|
∂B
R−2
i
gM
s (m)
= fi|
∂B
R−2
i
gM
s (m)
in the sense of Perron’s method for fi. We shall give a short review of Perron’s method
of subharmonic functions in this setting below. See for instance section 2.8 in [33]. For
f ∈ C0(BR−2i gMs (m)), we say that f is subharmonic (superharmonic) in BR
−2
i gM
s (m) if for
every w ∈ BR
−2
i gM
s (m), r1 > 0 with B
R−2i gM
r1 (w) ⊂ B
R−2i gM
s (m), and h ∈ C0(BR
−2
i gM
r1 (w))
satisfying h|
B
R−2
i
gM
r1
(w)
is harmonic and h|
∂B
R−2
i
gM
r1
(w)
≤ (≥)f |
∂B
R−2
i
gM
r1
(w)
, we also have
h ≤ (≥)f on BR−2i gMr1 (w). For g ∈ C0(BR
−2
i gM
s (m)), we say that g is a subfunction relative
to fi|
B
R−2
i
gM
s (m)
if g|
B
R−2
i
gM
s (m)
is a subharmonic function and g|
∂B
R−2
i
gM
s (m)
≤ fi|
∂B
R−2
i
gM
s (m)
.
We also say that g is a superfunction relative to fi|
B
R−2
i
gM
s (m)
if g|
B
R−2
i
gM
s (m)
is a superhar-
monic function and g|
∂B
R−2
i
gM
s (m)
≥ fi|
∂B
R−2
i
gM
s (m)
. Let Sfi denote the set of subfunctions
relative to fi|
B
R−2
i
gM
s (m)
. Then we put a function ui on B
R−2i gM
s (m) by
ui(w) = sup
v∈Sfi
v(w).
By an argument similar to the proof of [33, Theorem 2.12], it is easy to check that ui is
harmonic on B
R−2i gM
s (m).
We fix 0 < τ < 3R, x ∈ ∂Bs(p) and z ∈ ∂B2s(p) satisfying p, x+ x, z = p, z. We take
sequences x(i) ∈ ∂BR−2i gMs (m) and z(i) ∈ ∂BR
−2
i gM
2s (m) such that x(i) → x and z(i) → z.
Then it is easy to check that for every α ∈ Bs(p), we have
C1(n,R)x, α
2 ≤ z, α− z, x ≤ x, α.
We fix α ∈ Br(p) and take a sequence of points α(i) ∈ BR
−2
i gM
s (m) satisfying α(i) → α.
We put bi = (r
R−2i gM
z(i) )
2−n − (rR−2i gMz(i) )2−n(x(i)) on B
R−2i gM
s (m). By Laplacian comparison
theorem on manifolds (or (4.11) in [4]), we have, a function bi is a superharmonic, a
function fi(x(i)) + 100Lτ + C(n, L,R)b
i/τ 2 is a superfunction relative to fi|
∂B
R−2
i
gM
s (m)
and a function fi(x(i))−100Lτ−C(n, L,R)bi/τ 2 is a subfunction relative to fi|
∂B
R−2
i
gM
s (m)
for every sufficiently large i. By an argument similar to the proof of [33, Lemma 2.13],
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we have
|fi(x(i))− ui(α(i))| ≤ C(n,R, L)τ + C(n,R, L)
τ 2
x(i), α(i)
R−2i gM
for every sufficiently large i. On the other hand, by Proposition 2.11 and Corollary 4.37,
we can assume that there exists a harmonic function uˆ∞ on Bs(p) such that uˆ∞|Bsˆ(p) is a
Lipschitz function, ui → u∞ on Bsˆ(p) for every 0 < sˆ < s. Thus we have
|u∞(x)− uˆ∞(α)| ≤ C(n,R, L)τ + C(n,R, L)
τ 2
x, α
for every α ∈ Bs(p). If we put τ = x, α1/3, then we have
|u∞(x)− uˆ∞(α)| ≤ C(n,R, L)x, α 13 .
for every x ∈ ∂Bs(p) and α ∈ Bs(p). Since uˆ∞ ∈ H1,2(Bsˆ(p)) for every 0 < sˆ < s, and u∞
is Lipschitz on Bs(p), by [80, Cororally 6.6] and an estimate above, we have supBs(p) |u∞−
uˆ∞| = limsˆ→s
(
supBsˆ(p) |u∞ − uˆ∞|
)
= 0. Therefore, we have the assertion.
We shall remark that the following:
Corollary 5.10. Let R be a positive number and u∞, v∞ harmonic functions on
BR(p). Then u∞ + v∞ is a harmonic function on BR(p).
From now on, we shall replace most of many important statements in [19] with state-
ments on asymptotic cones:
Proposition 5.11. For every 0 < r < s < R and harmonic function u∞ on BR(p),
we have
Du∞(r) ≤
(r
s
)2−n
Du∞(s),
Iu∞(s)− Iu∞(r) =
∫ s
r
2
Du∞(t)
t
dt.
Moreover, if Iu∞(r) > 0, then we have
Iu∞(s) = exp
(
2
∫ s
r
Uu∞(t)
t
dt
)
Iu∞(r).
Proof. By Theorem 5.9, without loss of generality, we can assume that the assump-
tion of Proposition 5.6 holds. Since
D
R−2i gM
(ui)Ri
(r) ≤
(r
s
)2−n
D
R−2i gM
(ui)Ri
(s),
by letting i→∞, we have the first assertion. Similarly, since
I
R−2i gM
(ui)Ri
(s)− IR−2i gM(ui)Ri (r) =
∫ s
r
2
D
R−2i gM
(ui)Ri
(t)
t
dt,
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by letting i → ∞ and dominated convergence theorem, we have the second assertion.
Especially, we remark that Iu∞ is a continuous function and that a monotonicity Iu∞(r) ≤
Iu∞(s) holds. We shall prove the third assertion. By Proposition 5.6 and the monotonicity
of Iu∞ , we have lim inf i→∞
(
infα∈[r,s] I
R−2i gM
(ui)Ri
(α)
)
> 0. Therefore, by Cheng-Yau’s gradient
estimate, we have
lim sup
i→∞
(
sup
α∈[r,s]
U
R−2i gM
(ui)Ri
(α)
)
<∞.
On the other hand, since
I
R−2i gM
(ui)Ri
(s) = exp

2 ∫ s
r
U
R−2i gM
(ui)Ri
(t)
t
dt

 IR−2i gM(ui)Ri (r),
by letting i→ 0, dominated convergence theorem and Proposition 5.6, we have the third
assertion.
Corollary 5.12. Let r, R be positive numbers with r < R and u∞ a harmonic func-
tion on BR(p). If Uu∞(r) = 0, then u∞ is a constant function on Br(p).
Proof. First, we assume Iu∞(r) = 0. Then, by Proposition 5.11, we have Du∞(t) = 0
for a.e. 0 < t < r. Since Du∞ is continuous, we have Du∞(r) = 0. Thus, by Poincare´
inequality on limit spaces, we have
1
υ(Br(p))
∫
Br(p)
∣∣∣∣f − 1υ(Br(p))
∫
Br(p)
fdυ
∣∣∣∣ dυ ≤ C(n,R)r
√
1
υ(Br(p))
∫
Br(p)
(Lipf)2dυ = 0.
Since f is Lipschitz on Br(p), f is a constant function on Br(p). Next, if Uu∞(r) = 0 and
Iu∞(r) > 0, then, by the definition, we have Du∞(r) = 0. Therefore, by an argumetnt
above, we have the assertion in this case.
The following corollary follows from Proposition 5.11 and continuity of the function:
t 7→ Hn(Bt(p)), directly.
Corollary 5.13. For every R > 0 and harmonic function u∞ on BR(p), the function
Iu∞ is a C
1-function on (0, R) and
dIu∞
dt
(t) =
2Du∞(t)
t
.
For every 0 < r < R and harmonic function u on BgMR (m) satisfying u 6= 0, we put
W gMu (r) =
EgMu (r)
IgMu (r)
With same assumption of Lemma 5.6, if u∞ is not a constant function on Br(p), then, by
Proposition 5.6 and Proposition 5.8, we have
lim
i→∞
W
R−2i gM
(ui)Ri
(r) = Uu∞(r).
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Proposition 5.14. For every 0 < r < s < R and harmonic function u∞ on B7R(p),
we have
Uu∞(r) ≤ Uu∞(s).
Proof. By Theorem 5.9, there exists a sequence of harmonic functions ui onB
gM
6RRi
(m)
such that supi Lipui < ∞ and (ui)Ri → u∞ on B6R(p). We fix  > 0. Without loss of
generality, we can assume that Uu∞(r) > 0. We shall use same notation as in [19, Propo-
sition 4.11]. We put Ω0 = s/r, γ = Du∞(2s)/Du∞(r)+1. Then we take Rˆ = R(m, γ, ,Ω0)
as in [19, Proposition 4.11]. By Proposition 5.6, there exists i0 such that Rir > Rˆ and
DgMui (2Ω0Rir)
DgMui (Rir)
=
DgMui (2Ris)
DgMui (Rir)
=
D
R−2i gM
(ui)Ri
(2s)
D
R−2i gM
(ui)Ri
(r)
≤ γ
for every i ≥ i0. Then, by [19, Proposition 4.11], we have∫ Ris
Rir
d logW gMui
dt
dt ≥ −.
i.e. we have
logW gM(ui)(Ris)− logW
gM
(ui)
(Rit) ≥ −.
Since W gM(ui)(Ris) = W
R−2i gM
(ui)Ri
(s), by letting i→∞, we have
logUu∞(s)− logUu∞(r) ≥ −.
Since  is arbitrary, we have the assertion.
Remark 5.15. Most of their results in [19] are about global harmonic functions on
manifolds. However, by the proof, their results in [19] also hold for harmonic function on
a big domain like one used in the proof of Proposition 5.14. We will often use these facts
below.
For d ≥ 0, we put Hd(M∞) = {u∞ : M∞ → R; u∞ is a harmonic function and there
exists C > 1 such that |u∞(x)| ≤ C(1 +m∞, xd) for every x ∈M∞}.
Proposition 5.16. We have Uu∞(t) ≤ d for every t > 0 and u∞ ∈ Hd(M∞).
Proof. This proof is done by a contradiction. We assume that there exist τ0, s0 > 0
such that Uu∞(s0) ≥ d0 + τ0. By Proposition 5.14, we have Uu∞(s) ≥ d + τ0 for every
s ≥ s0. Since u∞ ∈ Hd(M∞), there exist s1 > s0 and C > 1 such that
Iu∞(s) = s
1−n
∫
∂Bs(p)
u2∞dH
n−1 ≤ s1−ns2dvol ∂Bs(p)C ≤ Cs2dvolB1(0n)
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for every s ≥ s1. For s > s1, by Proposition 5.11, we have
Cs2dvolB1(0n) ≥ exp
(∫ s
s1
2Uu∞(t)
t
dt
)
Iu∞(s1) ≥ exp
(∫ s
s1
2d+ 2τ0
t
dt
)
Iu∞(s1).
Therefore, we have
2d+
log(CvolB1(0n))
log s
≥ 1
log s
∫ s
s1
2d+ 2τ0
t
dt+
log Iu∞(s1)
log s
.
By letting s→∞, we have 2d ≥ 2d+ 2τ0. This is a contradiction.
Proposition 5.17. For every 0 < s < t < α < R and harmonic function u∞ on
B7R(p), we have
Iu∞(t) ≤
(
t
s
)2Uu∞(α)
Iu∞(s).
Proof. First, we assume that u∞ is not a constant function on Bs(p). By Theorem
5.9, there exists a sequence of harmonic functions ui on B
gM
6RRi
(m) such that supi Lipui <
∞ and (ui)Ri → u∞ on B6R(p). We fix  > 0. By the assumption and Corollary 5.12,
there exists 0 < r < s such that Uu∞(r) > 0. We shall apply [19, Corollary 4.37]. We put
Ω0 = 2α/r, Ω = α/r and
γ =
Du∞(2Ωr)
Du∞(r)
+ 1.
We take Rˆ = R(m, γ, ,Ω0) as in [19, Corollary 4.37]. There exists i0 such that Rir > Rˆ
and that
D
R−2i gM
(ui)Ri
(2Ωr)
D
R−2i gM
(ui)Ri
(r)
< γ
for every i ≥ i0. Thus, by [19, Corollary 4.37], we have
IgMui (Rit) ≤
(
Rit
Ris
)2(1+)W gMui (ΩRir)
IgMui (Ris).
Thus by letting i→∞, we have
Iu∞(t) ≤
(
t
s
)2(1+)Uu∞(α)
Iu∞(s).
Since  is arbitrary, we have the assertion. Next we assume that u∞ is a constant function
on Bs(p). We put sˆ = sup{β ∈ [0, R]; u∞ is a constant function on Bβ(p)}. If sˆ ≥ t, then,
since Iu∞(t) = Iu∞(s), the assertion is clear. We assume sˆ < t. We take sˆ < s˜ < t. Then,
by an argument above, we have
Iu∞(t) ≤
(
t
s˜
)2Uu∞(α)
Iu∞(s˜).
By s ≤ sˆ, Iu∞(s) = Iu∞(sˆ) and letting s˜→ sˆ, we have the assertion.
92
Corollary 5.18. Let s, R be positive numbers with 0 < s < R and u∞ a harmonic
function on B7R(p). Assume that Uu∞(s) = 0. Then u∞ is a constant function on BR(p).
Proof. First, we assume that Iu∞(s) = 0. Then, by Proposition 5.17, we have
Iu∞(t) = 0 for every s < t < R. Therefore, by Proposition 5.12, we have the assertion.
Next, we assume that Iu∞(s) > 0 and Uu∞(s) = 0. Then, we put uˆ∞ = u∞ − u∞(p). We
remark that uˆ∞ ≡ 0 on Bs(p). Since Iuˆ∞(s) = 0, we have the assertion.
Proposition 5.19. Let R be a positive number and u∞ a harmonic function on B7R(p)
with u∞(p) = 0. Assume that u∞ is not a constant function on BR(p). Then, we have
Uu∞(s) ≥ 1
for every 0 < s < R.
Proof. By Theorem 5.9, there exists a sequence of harmonic functions ui onB
gM
6RRi
(m)
such that supi Lipui < ∞ and (ui)Ri → u∞ on B6R(p). Moreover, we can assume that
(ui)Ri(m) = 0. We remark that by Proposition 5.18, Uu∞(r) > 0 for every 0 < r < R. We
fix a sufficiently small  > 0. We shall apply [19, Corollary 4.40] and use same notation
as in there. We take ΩL = ΩL(n, ) ≥ 2 as in [19, Corollay 4.40] (or [19, Corollary 3.29]).
We put Ω0 = 5ΩL, r = s/2(2ΩL)
2 < s and
γ =
Du∞(2(2ΩL)
2r)
Du∞(r)
+ 1 =
Du∞(s)
Du∞(r)
+ 1.
We take Rˆ = R(m, γ, ,Ω0) as in [19, Corollary 4.40]. Then there exists i0 such that
Rir > Rˆ and
DgMui (2(2ΩL)
2Rir)
DgMui (Rir)
=
D
R−2i gM
(ui)Ri
(2(2ΩL)
2r)
D
R−2i gM
(ui)Ri
(r)
≤ γ
for every i ≥ i0. Then by [19, Corollary 4.40], we have
1− 3 ≤ UgMui (2ΩLRir) = U
R−2i gM
(ui)Ri
(2ΩLr).
By letting i→∞, Proposition 5.6 and Proposition 5.14, we have 1− 3 ≤ Uu∞(2ΩLr) ≤
Uu∞(s). Since  is arbitrary, we have the assertion.
Proposition 5.20. Let r, s, R, δ, d0 be positive numbers with 0 < r < s < R and u∞
a harmonic function on B7R(p). We assume that Uu∞(s) ≤ d0, u∞ is not a constant
function on BR(p) and ∣∣∣∣log Uu∞(s)Uu∞(r)
∣∣∣∣ < δ.
Then, we have∫
Ap(r,s)
r−np |rp〈drp, du∞〉 − Uu∞(rp)u∞|2 dHn ≤ Ψ(δ;n, d0)Iu∞(s)
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Proof. By Theorem 5.9, there exists a sequence of harmonic functions ui onB
gM
6RRi
(m)
such that supi Lipui < ∞ and (ui)Ri → u∞ on B6R(p). We shall apply [19, Proposition
4.50]. We put Ω0 = 2s/r, Ω = s/r and
γ =
Du∞(2Ωr)
Du∞(r)
+ 1.
Then, by Proposition 5.6, there exists i0 such that
D
R−2i gM
u∞ (2Ωr)
D
R−2i gM
u∞ (r)
≤ γ,
max
r≤t≤Ωr
U
R−2i gM
(ui)Ri
(t) ≤ 2d0
and ∣∣∣∣∣∣log
U
R−2i gM
(ui)Ri
(Ωr)
U
R−2i gM
(ui)Ri
(r)
∣∣∣∣∣∣ ≤ δ
for every i ≥ i0. Thus, by [19, Proposition 4.50], we have,∫
rRi≤bgM≤sRi
(bgM )−n
(
bgM
∂ui
∂n
− UgMui (bgM )|∇gM bgM |
)2
dvolgM ≤ Ψ(δ;n, d0)IgMui (Ris)
for every sufficiently large i. On the other hand, by Cheng-Yau’s gradient estimate, we
have
|∇R−2i gM bR−2i gM | = VM
(n− 2)volB1(0n) |b
R−2i gM |n−1|∇R−2i gMGR−2i gM (m, ·)|(204)
≤ VM
(n− 2)volB1(0n)2(r
R−2i gM
m )
n−1C(n)(rR
−2
i gM
m )
−1|GR−2i gM (m, ·)|(205)
≤ C(n)(rR−2i gMm )−1(rR
−2
i gM
m )
n−1(rR
−2
i gM
m )
2−n(206)
≤ C(n).(207)
on A
R−2i gM
m (r, s) for every sufficiently large i. Thus by Corollary 4.37 and Theorem 5.1,
we have (bR
−2
i gM , dbR
−2
i gM )→ (rp, drp) on Ap(r, s). We also have∫
r≤bR−2i gM≤s
(bR
−2
i gM )−n
(
bR
−2
i gM (R−2i gM)
(
∇R−2i gM (ui)Ri ,∇R
−2
i gM bR
−2
i gM
)
(208)
− UR−2i gM(ui)Ri (b
R−2i gM )|∇R−2i gM bR−2i gM |2
)2
dvolR
−2
i gM(209)
=
∫
rRi≤bgM≤sRi
(bgM )−n|∇bgM |2
(
bgM
∂ui
∂n
− UgMui (bgM )|∇gM bgM |
)2
dvolgM(210)
≤ C(n)
∫
rRi≤bgM≤sRi
(bgM )−n
(
bgM
∂ui
∂n
− UgMui (bgM )|∇gMbgM |
)2
dvolgM(211)
≤ Ψ(δ;n, d0)IgMui (Ris) = Ψ(δ;n, d0)I
R−2i gM
(ui)Ri
(s)(212)
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for every sufficiently large i. Therefore, by letting i→∞, Proposition 4.5 and Proposition
5.6, we have the assertion.
The following corollary follows from Proposition 5.20 directly.
Corollary 5.21. Let r, s, R be positive numbers with r < s < R and u∞ be a har-
monic function on B7R(p) with u∞(p) = 0. We assume that Uu∞(r) = Uu∞(s). Then we
have
rp(w)〈du∞, drp〉(w) = Uu∞(s)u∞(w)
for a.e w ∈ Ap(r, s).
Proposition 5.22. With same assumption as in Corollary 5.21, we have
u∞(tˆ, x) =
u∞(t, x)
tC
tˆC
for every r ≤ t ≤ tˆ ≤ s and x ∈ X. Here C = Uu∞(r).
Proof. We define a Borel function a on Ap(r, s) by
a(t, x) = lim sup
h→0
u∞(t+ h, x)− u∞(t, x)
h
.
By Theorem 3.33 and Corollary 5.21, there exists a Borel set A ⊂ Ap(r, s) such that
Hn(Ap(r, s) \ A) = 0 and that 〈drp, du∞〉(z) = a(z) = Cu∞(z)/rp(z) for every z ∈ A.
On the other hand, for 0 < s ≤ r0 ≤ s0 ≤ s, we put a bi-Lipschitz map φ(t, x) = (t, x)
from Ap(r0, s0) to [r0, s0]×X . Then we have Hn([r0, s0]×X \ φ(A)) = 0. Therefore by
Fubini’s theorem, there exists a Borel set Xˆ ⊂ X such that Hn−1(X \ Xˆ) = 0 and that
H1([r0, s0]×{x}\φ(A)) = 0 for every x ∈ X . Thus we haveH1(φ−1([r0, s0]×{x}\φ(A))) =
0 for x ∈ Xˆ. For every x ∈ Xˆ , by Rademacher’s theorem for Lipschitz functions on R,
u∞(s0, x)− u∞(r0, x) =
∫ s0
r0
a(t, x)dt(213)
=
∫
rp(φ−1([r0,s0]×{x}∩φ(A)))
a(t, x)dt(214)
=
∫
rp(φ−1([r0,s0]×{x}∩φ(A)))
Cu∞(t, x)
t
dt(215)
=
∫ s0
r0
Cu∞(t, x)
t
dt.(216)
For every x ∈ X , by taking a sequence xi ∈ Xˆ satisfying xi → x and dominated conver-
gence theorem, we have
u∞(s0, x)− u∞(r0, x) =
∫ s0
r0
Cu∞(t, x)
t
dt.
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Thus, for every x ∈ X , the map fx(t˜) = u∞(t˜, x) on [r, s] is C1-function, we have
dfx
dt˜
(t˜) =
Cfx(t˜)
t˜
.
Therefore, we have the assertion.
Proposition 5.23. Let r, s, δ, R, d0 be positive numbers with 0 < r < s < R, and
u∞, v∞ harmonic functions on B7R(p). We assume that maxr≤t≤s Uv∞(t) ≤ d0, v∞ is not
a constant function on BR(p) and ∣∣∣∣log Uv∞(s)Uv∞(r)
∣∣∣∣ < δ.
Then, we have∣∣∣∣∣s1−n0
∫
∂Bs0 (p)
u∞v∞dυ − exp
(
2
∫ s0
r0
Uv∞(sˆ)
sˆ
dsˆ
)
r1−n0
∫
∂Br0 (p)
u∞v∞dυ
∣∣∣∣∣
2
≤ Ψ(δ;n, d0)
(
s0
r0
)6d0+3
Iu∞(s0)Iv∞(s0).
for every r ≤ r0 ≤ s0 ≤ s.
Proof. By Theorem 5.9, there exists a sequence of harmonic functions ui, vi on
BgM6RRi(m) such that supi(Lipui + Lipvi) < ∞, (ui)Ri → u∞, (vi)Ri → v∞ on B6R(p).
By the proof of Proposition 5.20 (or [19, Proposition 4.50]), there exists i0 such that∫
rRi≤bgM≤sRi
(bgM )−n
(
bgM
∂vi
∂n
− UgMvi (bgM )|∇gM bgM |
)2
dvolgM ≤ Ψ(δ;n, d0)IgMvi (Ris)
for every i ≥ i0. Thus, by [19, Corollary 5.24], we have∣∣∣∣(Ris0)1−n
∫
bgM=Ris0
uividvol
gM
n−1 − exp
(
2
∫ s0Ri
r0Ri
UgMvi (sˆ)
sˆ
dsˆ
)
(Rir0)
1−n
∫
bgM=Rir0
uividvol
gM
n−1
∣∣∣∣2
≤ Ψ(δ;n, d0)
(
s0
r0
)6d0+3
IgMui (Ris0)I
gM
vi
(Ris0)
for i ≥ i0. By rescaling R−2i gM , we have∣∣∣∣∣s1−n0
∫
bR
−2
i
gM=s0
(ui)Ri(vi)Ridvol
R−2i gM
n−1
− exp

2 ∫ s0
r0
U
R−2i gM
(vi)Ri
(sˆ)
sˆ
dsˆ

 r1−n0 ∫
bR
−2
i
gM=r0
(ui)Ri(vi)Ridvol
R−2i gM
n−1
∣∣∣∣∣
2
≤ Ψ(δ;n, d0)
(
s0
r0
)6d0+3
I
R−2i gM
(ui)Ri
(s0)I
R−2i gM
(vi)Ri
(s0).
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On the other hand, by Proposition 5.6, we have∫
bR
−2
i
gM=s0
(ui)Ri(vi)Ridvol
R−2i gM
n−1
=
1
2
∫
bR
−2
i
gM=s0
((ui)Ri + (vi)Ri)
2 dvol
R−2i gM
n−1 −
1
2
∫
bR
−2
i
gM=s0
(ui)
2
Ri
dvol
R−2i gM
n−1
− 1
2
∫
bR
−2
i
gM=s0
(vi)
2
Ri
dvol
R−2i gM
n−1
i→∞→ 1
2
∫
∂Bs0 (p)
(u∞ + v∞)2dHn−1 − 1
2
∫
∂Bs0 (p)
u2∞dH
n−1 − 1
2
∫
∂Bs0 (p)
v2∞dH
n−1
=
∫
∂Bs0 (p)
u∞v∞dHn−1.
Therefore we have the assertion.
The following corollary follows from Proposition 5.23 directly:
Corollary 5.24. Let r, s, R be positive numbers with 0 < r < s < R and u∞, v∞
harmonic functions on B7R(p). We assume that Uv∞(r) = Uv∞(s) and v∞ is not a constant
function on BR(p). Then, we have
s1−n0
∫
∂Bs0 (p)
u∞v∞dHn−1 =
(
s0
r0
)2C
r1−n0
∫
∂Br0 (p)
u∞v∞dHn−1
for every r ≤ r0 ≤ s0 ≤ s. Here C = Uv∞(r).
Next proposition follows from Proposition 5.19 directly:
Proposition 5.25. For every non-constant harmonic function u∞ on C(X) with
u∞(p) = 0, we have
ord0u∞ ≥ 1.
Proposition 5.26. With same assumption as in Lemma 5.6, for every 0 < r < s < R,
we have
lim
i→∞
∫ s
r
F
R−2i gM
(ui)Ri
(t)dt =
∫ s
r
Fu∞(t)dt.
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Proof. Since (bR
−2
i gM , dbR
−2
i gM )→ (rp, drp) on Ap(r, s), by Corollary 4.37, we have∫ s
r
F
R−2i gM
(ui)Ri
(t)dt
=
∫ s
r
t3−n
∫
bR
−2
i
gM=t
(R−2gM)
(
∇R−2i gM (ui)Ri ,
∇R−2i gM bR−2i gM
|∇R−2i gM bR−2i gM |
)2
|∇R−2i gM bR−2i gM |dvolR−2i gMdt
=
∫
r≤bR
−2
i
gM≤s
(R−2gM)
(
∇R−2i gM (ui)Ri ,
∇R−2i gM bR−2i gM
|∇R−2i gM bR−2i gM |
)2
|∇R−2i gM bR−2i gM |2(bR−2i gM )3−ndvolR−2i gM
=
∫
r≤bR−2i gM≤s
(R−2gM)(∇R−2i gM (ui)Ri ,∇R
−2
i gM bR
−2
i gM )2(bR
−2
i gM )3−ndvolR
−2
i gM
i→∞→
∫
Ap(r,s)
r3−np 〈du∞, drp〉2dυ =
∫ s
r
Fu∞(t)dt.
Proposition 5.27. For every 0 < r < s < R and harmonic function u∞ on BR(p),
we have
Du∞(s)−Du∞(r) =
∫ s
r
2Fu∞(t)
t
dt.
Proof. We can assume that the assumption of Proposition 5.6 holds. By (4.3) in
[19], we have
E
R−2i gM
(ui)Ri
(s)− ER−2i gM(ui)Ri (r)
=
∫ s
r
2F
R−2i gM
(ui)Ri
(t)
t
dt+
∫ s
r
2E
R−2i gM
(ui)Ri
(t)
t
dt−
∫ s
r
t1−n
∫
bR
−2
i
gM≤t
2|∇R−2i gM (ui)Ri |2dvolR
−2
i gMdt
±
∫ s
r
t1−n
∫
bR
−2
i
gM≤t
∣∣∣∣HessR−2i gM
(bR
−2
i
gM )2
(
∇R−2i gM (ui)Ri ,∇R
−2
i gM (ui)Ri
)
− 2(R−2i gM)
(
∇R−2i gM (ui)Ri,∇R
−2
i gM (ui)Ri
) ∣∣∣∣dvolR−2i gMdt.
By Corollary 4.37 and Theorem 5.1, we have
lim
i→∞
∫
bR
−2
i
gM≤t
|d(ui)Ri|2dvolR
−2
i gM =
∫
Bt(p)
|du∞|2dHn.
By dominated convergence theorem, we have
lim
i→∞
∫ s
r
t1−n
∫
bR
−2
i
gM≤t
2|∇R−2i gM (ui)Ri|2dvolR
−2
i gMdt =
∫ s
r
t1−n
∫
Bt(p)
2|du∞|2dH2dt
=
∫ s
r
2Eu∞(t)
t
dt.
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On the other hand, we recall
lim
R→∞
1
volgM ({bgM ≤ R})
∫
bgM≤R
|Hess(bgM )2 − 2gM |dvolgM = 0.
Thus we have
lim
i→∞
∫
bR
−2
i
gM≤t
∣∣∣∣HessR−2i gM
(bR
−2
i
gM )2
(
∇R−2i gM (ui)Ri ,∇R
−2
i gM (ui)Ri
)
− 2(R−2i gM)
(
∇R−2i gM (ui)Ri,∇R
−2
i gM (ui)Ri
) ∣∣∣∣dvolR−2i gMdt = 0.
Therefore we have the assertion.
We shall give a short review of important works by Ding in [23] and [24]. By Corollary
3.58, X is Hn−1-rectifiable. By [24, Lemma 4.3], (X,Hn−1) satisfies weak Poincare´ in-
equality of type (1, 2) locally. Thus, by section 4 in [5] (or section 6 in [9]) and Proposition
7.25, we can define the cotangent bundle T ∗X of X . We denote the differential section
of a Lipschitz function f on X by dXf : X → T ∗X . By [9, Theorem 6.25], there exists a
unique self-adjoint operator ∆X on L
2(X) such that∫
X
〈dXf, dXg〉dH =
∫
X
f∆XgdH
n
for every f ∈ H1,2(X) and g ∈ Domain(∆). For every i, we take a i-th eigenfunction φi
on X and the i-th eigenvalue λi ≥ 0, i.e. ∆Xφi = λiφi (0 = λ0 < λ1 ≤ λ2 ≤ · · · ). We
define the nonnegative number αi by satisfying λi = αi(αi + n − 2). According to [23],
the function vi(r, x) = r
αiφi(x) on C(X) is a harmonic function on C(X). Actually, by
[24, Theorem 4.15], for every Lipschitz function f ∈ K(C(X) \ {p}), we have∫
C(X)
〈df, dvi〉dHn =
∫ ∞
0
∫
∂Br(p)
(
−αi(αi − 1)rαi−2fφi(217)
− n− 1
r
αir
αi−1 +
1
r2
〈dXf, dXφi〉
)
dHn−1dr(218)
=
∫ ∞
0
∫
∂Br(p)
(
−αi(αi − 1)rαi−2fφi(219)
− (n− 1)αirαi−2fφi + λirαi−2fφi
)
dHn−1dr(220)
= 0.(221)
Thus, vi is a harmonic function on C(X) \ {p}. Moreover, by [24, Corollary 4.25], vi is
a harmonic function on C(X). By Theorem 5.9, vi is locally Lipschitz. Especially, φi is
Lipschitz. Therefore, we have λ1 ≥ n− 1 (see [23, Corollary 2.4] and [23, Corollary 2.5]).
On the other hand, it is easy to check
Uvi(s) = αi
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for every s > 0. We say that the function vi is a homogeneous harmonic function with
growth αi. We shall prove that we can apply [24, Theorem 4.15] for every d ≥ 0 and
u∞ ∈ Hd(M∞) below. As a corollary, we will give the classification of harmonic functions
with polynomial growth on asymptotic cones (see Theorem 5.34).
We put
ord∞u∞ = lim
r→∞
Uu∞(r), ord0u∞ = lim
r→0
Uu∞(r)
for every harmonic function u∞ on C(X). By an argument similar to the proof of [19,
Lemma 1.36], we can prove the following proposition:
Proposition 5.28. For harmonic functions u∞, v∞ on C(X), we have
ord∞(u∞ + v∞) ≤ max{ord∞u∞, ord∞v∞}.
Definition 5.29. For harmonic functions u∞, v∞ on C(X), we say that u∞ and v∞
are orthogonal if ∫
∂B1(p)
u∞v∞dυ = 0.
Proposition 5.30. Let u∞ be a harmonic function on C(X). We assume that
ord∞u∞ = d < ∞ and that v and u∞ are orthogonal for every homogeneous harmonic
function v with growth α satisfying α < d. Then, we have
Du∞(s) ≥
(s
r
)2d
Du∞(r)
for every 0 < r < s <∞.
Proof. For every i, we take the i-th eigenvalue λi of ∆X , a i-th eigenfunction φi of
∆X , the nonnegative number αi satisfying λi = αi(αi+n−2) and a homogeneous harmonic
function vi(t, x) = r
αiφi(x) with growth αi. By Corollary 5.24 anf the assumption, we
have ∫
∂Bt(p)
viu∞dHn−1 = 0
for every t > 0 and αi < d. We put λ = d(d+n− 2). We remark that αi < d holds if and
only if λi < λ holds. We put id = max{i ∈ N|αi < d}. Thus, we have λid < λ ≤ λid+1.
We also remark
λid+1 = inf
{∫
X
|dXu|2dHn−1∫
X
u2dHn−1
∣∣∣∣∣u ∈ H1,2(X), u 6= 0,
∫
X
uφjdH
n−1 = 0 for every 1 ≤ j ≤ id
}
.
Since the k-th eigenvalue λtk of ∆∂Bt(p) is equal to t
−2λk, we have∫
∂Bt(p)
|d∂Bt(p)u∞|2dHn−1∫
∂Bt(p)
(u∞)2dHn−1
≥ λ
t2
.
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Here d∂Bt(p)f is differential section: d∂Bt(p)f : ∂Bt(p)→ T ∗∂Bt(p) of a Lipschitz function
f on ∂Bt(p). On the other hand, by Theorem 3.22 and Proposition 7.22, for a.e. t > 0,
we have |du∞|2(w) = (〈drp, du∞〉(w))2 + |d∂Br(p)u∞|2(w) for a.e. w ∈ ∂Bt(p). Therefore,
we have ∫
∂Bt(p)
(|du∞|2 − 〈drp, du∞〉2)dHn−1 ≥ λ
t2
∫
∂Bt(p)
u2∞dH
n−1
i.e.
t3−n
∫
∂Bt(p)
|du∞|2dHn−1 − Fu∞(t) ≥ λIu∞(t)
for a.e. t > 0. We shall use the notation: f ′ = df/dt for locally Lipschitz functions f
on R below. By Proposition 5.27, Du∞ is locally Lipschitz function on (0,∞). By the
definition of Du∞ , Proposition 7.22 and Rademacher’s theorem for Lipschitz functions on
R, we have
D′u∞(t) = (2− n)t1−n
∫
Bt(p)
(Lipu∞)2dHn + t2−n
∫
∂Bt(p)
(Lipu∞)2dHn−1
for a.e. t > 0. Therefore, we have
tD′u∞(t)− (2− n)Du∞(t)− Fu∞(t) ≥ λIu∞(t)
for a.e. t > 0. On the other hand, by Proposition 5.27, we have D′u∞(t) = 2Fu∞(t)/t for
every t > 0. Therefore, we have
t
2
D′u∞(t)− (2− n)Du∞(t) ≥ λIu∞(t)
for a.e. t > 0. Thus we have
D′u∞(t)
Du∞(t)
− 2(2− n)
t
≥ 2λIu∞(t)
tDu∞(t)
≥ 2λ
dt
for a.e. t > 0. Therefore, we have
D′u∞(t)
Du∞(t)
≥ 1
t
(
2λ
d
+ 2(2− n)
)
(222)
=
1
t
2λ+ 4d− 2nd
d
(223)
=
1
t
2d(d+ n− 2) + 4d− 2nd
d
(224)
=
2d
t
.(225)
for a.e t > 0. By integrating the inequality above, we have the assertion.
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Proposition 5.31. Let g be a Lipschitz function on X and f a C2-function on R>0.
We assume that f(1) = 1, limr→0 f(r) = 0, g 6= 0 and that function u(r, x) = f(r)g(x)
on C(X) \ {p} is locally Lipschitz and harmonic. Then, there exists λ ≥ n − 1 such
that ∆Xg = λg and that f(r) = r
p. Here p is the nonnegative number satisfying λ =
p(p+ n− 2).
Proof. For every i, we take the i-th eigenvalue λi of ∆X and a i-th eigenfunction φi
of ∆X . We put g =
∑∞
i=1 aiφi in H1,2(X). For every function h on X , we shall define
a function hr on ∂Br(p) by h
r(r, x) = h(x). It is easy to check that gr =
∑∞
i=1 aiφ
r
i in
H1,2(∂Br(p)). We remark that ∆∂Br(p)φ
r
i = λ
r
iφ
r
i and λ
r
i = r
−2λi. By [24, Theorem 4.15]
and Corollary 4.37, for every Lipschitz function φ ∈ K(C(X) \ {p}), we have
0 =
∫
C(X)
〈du, dφ〉dHn
=
∫ ∞
0
∫
∂Br(p)
(
φ
(
−d
2f
dr2
(r)g(x)− n− 1
r
df
dr
(r)g(x)
)
+ 〈d∂Br(p)φ, d∂Br(p)gr〉f(r)
)
dHn−1dr
=
∫ ∞
0
∫
∂Br(p)
φ
(
−d
2f
dr2
(r)g(x)− n− 1
r
df
dr
(r)g(x) + f(r)
∞∑
i=1
aiλ
r
iφ
r
i
)
dHn−1dr.
Especially, for every Lipschitz function a ∈ K(R>0) and Lipschitz function b on X , we
have∫ ∞
0
a(r)
∫
∂Br(p)
b(x)
(
−d
2f
dr2
(r)g(x)− n− 1
r
df
dr
(r)g(x) + f(r)
∞∑
i=1
aiλ
r
iφ
r
i
)
dHn−1dr = 0.
Since ∞∑
i=1
(λri )
2a2i
∫
∂Br(p)
(φri )
2dHn−1 =
∫
∂Br(p)
|d∂Br(p)gr|2dHn−1 <∞,
the function
−d
2f
dr2
(r)g(x)− n− 1
r
df
dr
(r)g(x) + f(r)
∞∑
i=1
aiλ
r
iφ
r
i
on ∂Br(p) is in L
2(∂Br(p)). Since the space which consist of Lipschitz functions on ∂Br(p)
is dence in L2(∂Br(p)), we have
0 =
∫ ∞
0
a(r)
∫
∂Br(p)
∣∣∣∣∣−d
2f
dr2
(r)g(x)− n− 1
r
df
dr
(r)g(x) + f(r)
∞∑
i=1
aiλ
r
iφ
r
i
∣∣∣∣∣
2
dHn−1dr
=
∫ ∞
0
a(r)
∫
∂Br(p)
∣∣∣∣∣−d
2f
dr2
(r)g(x)− n− 1
r
df
dr
(r)g(x) +
f(r)
r2
∞∑
i=1
aiλiφi(x)
∣∣∣∣∣
2
dHn−1dr.
On the other hand, it is easy to check that the function ( of r)∫
∂Br(p)
∣∣∣∣∣−d
2f
dr2
(r)g(x)− n− 1
r
df
dr
(r)g(x) +
f(r)
r2
∞∑
i=1
aiλiφi(x)
∣∣∣∣∣
2
dHn−1
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is continuous. Therefore for every r > 0, there exists A(r) ⊂ X such that Hn−1(X \
A(r)) = 0 and
−d
2f
dr2
(r)g(x)− n− 1
r
df
dr
(r)g(x) +
f(r)
r2
∞∑
i=1
aiλiφi(x) = 0
for every x ∈ A(r). We put
λ =
d2f
dr2
(1) + (n− 1)df
dr
(1).
Then, for every Lipschitz function φ on X , we have∫
X
λgφdHn−1 =
∫
X
φ
∞∑
i=1
aiλiφidH
n−1 =
∫
X
〈dXφ, dXg〉dHn−1.
Thus, g is a λ-eigenfunction. Therefore, by [23, Corollary 2.5], we have λ ≥ n − 1. For
every r > 0, we have
0 = −d
2f
dr2
(r)
∫
X
g2dHn−1 − n− 1
r
df
dr
(r)
∫
X
g2dHn−1 +
f(r)
r2
∫
X
g
∞∑
i=1
aiλiφi(x)dH
n−1
= −d
2f
dr2
(r)
∫
X
g2dHn−1 − n− 1
r
df
dr
(r)
∫
X
g2dHn−1 +
f(r)
r2
∫
X
|dXg|2dHn−1
= −d
2f
dr2
(r)
∫
X
g2dHn−1 − n− 1
r
df
dr
(r)
∫
X
g2dHn−1 +
f(r)
r2
λ
∫
X
g2dHn−1.
Thus, we have
−d
2f
dr2
(r)− n− 1
r
df
dr
(r) +
f(r)
r2
λ = 0.
Therefore, we have the assertion.
Next corollary follows from Proposition 5.26 and Proposition 5.31 directly:
Corollary 5.32. Let u∞ be a nonconstant harmonic function on C(X) with u∞(p) =
0. We assume that ord0u∞ = ord∞u∞ = d < ∞. Then, the function g(x) = u∞(1, x) on
X is a d(d+ n− 2)-eigenfunction of ∆X . Moreover, we have u∞(r, x) = rdg(x).
Corollary 5.33. Let u∞ be a nonconstant harmonic function on C(X). We assume
that u∞(p) = 0, ord∞u = d <∞ and that v and u∞ are orthogonal for every homogeneous
harmonic function v with growth α satisfying α < d. Then, the function g(x) = u∞(1, x)
on X is a d(d+ n− 2)-eigenfunction of ∆X . Moreover we have u∞(r, x) = rdg(x).
Proof. We fix 0 < r < s < ∞. By Proposition 5.14 we have Du∞(s)/Du∞(r) ≤
Iu∞(s)/Iu∞(r). By Proposition 5.17, we have
Iu∞(s)
Iu∞(r)
≤
(s
r
)2d
.
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On the other hand, by the assumption and Proposition 5.30, we have
Du∞(s)
Du∞(r)
≥
(s
r
)2d
.
Therefore, we have Uu∞(s) = Uu∞(r). By Corollary 5.32, we have the assertion.
For every i, we denote the i-th eigenvalue of ∆X by λi(X), (0 = λ0(X) < λ1(X) ≤
λ2(X) ≤ · · · ). For λ ≥ 0, we put Eλ(X) = span{φi; ∆Xφi = λi(X)φi, λi ≤ λ}. Then,
by an argument similar to the proof of [19, Theorem 1.67], we have the following main
theorem in this subsection.
Theorem 5.34 (Harmonic functions with polynomial growth on asymptotic cones).
For every d ≥ 0, we have
dimHd(C(X)) = dimEd(d+n−2)(X).
Especially, we have dimHd(C(X)) <∞.
5.2 Gromov-Hausdorff topology on moduli space of asymptotic
cones.
In this subsection, we will study the moduli space of asymptotic cones of a fixed nonneg-
atively Ricci curved manifold M with Euclidean volume growth. In general, asymptotic
cones of M are not unique. See [7] and [73] for such examples. Therefore, we shall con-
sider the moduli space of them: MM = {X : compact geodesic space ; (C(X), p) is an
asymptotic cone of M }. We define a topology on MM by Gromov-Hausdorff distance
dGH . On the other hand, if we put MˆM = {(M∞, m∞) : an asymptotic cone of M}
and define a topology on MˆM by pointed Gromov-Hausdorff topology, then the canonical
map pi(X) = (C(X), p) from MM to MˆM give a homeomorphism. We remark that if a
sequence of asymptotic cones (M i∞, m
i
∞) of M converges to some proper geodesic space
(M∞∞ , m
∞
∞), then (M
∞
∞ , m
∞
∞) is also an asymptotic cone of M . Therefore, by Proposition
2.9, MˆM is compact, especially,MM is compact. The main result in this subsection is the
following theorem. We can regard it as “MM -version” of [30, (0.4) Theorem] by Fukaya
or [9, Theorem 7.9] by Cheeger-Colding.
Theorem 5.35. IfXi converges to X∞ inMM , then (Xi, Hn−1) converges to (X∞, Hn−1).
Moreover, we have
lim
i→∞
λk(Xi) = λk(X∞)
foe every k ≥ 1. Here, λk(X) is the k-th eigenvalue of the Laplacian ∆X on X ∈MM .
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Proof. Let xi be a point in Xi and x∞ a point in X∞ satisfying that xi → x∞. We
take r > 0 and  > 0. We put Ar(xi) = {(t, x) ∈ C(Xi); x ∈ Br(xi), 1 −  ≤ t ≤ 1 + .}.
By Proposition 4.13, we have
lim
i→∞
Hn(Ar(xi)) = H
n(Ar(x∞)).
By Proposition 7.22, we have
Hn(Ar(xi)) =
∫ 1+
1−
Hn−1(∂Bt(pi) ∩Ar(xi))dt = C(n)Hn−1(BXir (xi))
for every 1 ≤ i ≤ ∞. Here, pi is the pole of C(Xi). Thus, we have (Xi, Hn−1) →
(X∞, Hn−1). We shall give a proof of second assertion by induction for k. We fix
a subsequence {n(i)}i of N. We take a Lipschitz function on Xn(i) satisfying fn(i)1 ∈
Eλ1(Xn(i))(Xn(i)) and
1
Hn−1(Xn(i))
∫
Xn(i)
(f
n(i)
1 )
2dHn−1 = 1.
By the definition, we have
1
Hn−1(Xn(i))
∫
Xn(i)
|dfn(i)1 |2dHn−1 = λ1(Xn(i)).
We define a harmonic function u
n(i)
1 on C(Xn(i)) by u
n(i)
1 (r, x) = r
α
n(i)
1 f
n(i)
1 (x). Here α
n(i)
1
is the positive number satisfying λ1(Xn(i)) = α
n(i)
1 (α
n(i)
1 +n− 2). Since λ1(Xn(i)) ≥ n− 1,
we have α
n(i)
1 ≥ 1. Then, by Proposition 3.22, we have∫
B7(pn(i))
(Lipu
n(i)
1 )
2dHn
=
∫ 7
0
∫
∂Br(pn(i))
(α
n(i)
1 )
2(rα
n(i)
1 −1)2(fn(i)1 )
2dHn−1dr +
∫ 7
0
∫
∂Br(pn(i))
r2α
n(i)
1 −2|dXfn(i)1 |2dHn−1dr
=
∫ 7
0
(α
n(i)
1 )
2r2α
n(i)
1 −2rn−1Hn−1(Xn(i))dr +
∫ 7
0
r2α
n(i)
1 +n−1−2λ1(Xn(i))H
n−1(Xn(i))dr
= Hn−1(Xn(i))
(
72α
n(i)
1 +n−2(αn(i)1 )
2
2α
n(i)
1 + n− 2
+
7α
n(i)
1 +nλ1(Xn(i))
2α
n(i)
1 + n− 2
)
.
By Li-Schoen’s gradient estimate (Theorem 5.44) and Theorem 5.9, we have
Lip(u
n(i)
1 |B2(pn(i))) ≤
C(n)
Hn(B7(pn(i)))
∫
B7(pn(i))
(Lipu
n(i)
1 )
2dHn.
On the other hand, by Claim 5.42, we have
λj(Xn(i)) ≤ C(n)
(
j
Hn−1(X)
) 2
n−1
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for every j. Thus, we have
Lip(u
n(i)
1 |B2(pn(i))) ≤ C(n, VM).
By Proposition 2.11, there exist a subsequence of {m(i)}i of {n(i)}i, a Lipschitz harmonic
function u∞1 on B2(p∞) , a Lipschitz function f
∞
1 on X∞ and a nonnegative real number
α∞1 such that u
m(i)
1 → u∞1 on B2(p∞), fm(i)1 → f∞1 on X∞ and that αm(i)1 → α∞1 . Thus,
we have u∞1 (r, x) = r
α∞1 f∞1 (x) on B2(p∞),
lim
i→∞
∫
Xm(i)
(f
m(i)
1 )
2dHn−1 =
∫
X∞
(f∞1 )
2dHn−1.
On the other hand, by Proposition 5.6 and Theorem 5.9, we have
lim
i→∞
∫ 1
1−
t3−n
∫
∂Bt(pm(i))
|d∂Bt(pm(i))um(i)1 |2dHn−1dt = limi→∞
(∫ 1
1−
tD
u
m(i)
1
(t)dt−
∫ 1
1−
F
u
m(i)
1
(t)dt
)
=
∫ 1
1−
tDu∞1 (t)dt−
∫ 1
1−
Fu∞1 (t)dt
=
∫ 1
1−
t3−n
∫
∂Bt(p∞)
|d∂Bt(p∞)u∞1 |2dHn−1dt
for every 0 <  < 1. Since |d∂Bt(pm(i))um(i)1 |2 = t2α
m(i)
1 −2|dX(m(i))um(i)1 |2, we have∫ 1
1−
t3−n
∫
∂Bt(pm(i))
|d∂Bt(pm(i))um(i)1 |2dHn−1dt =
∫ 1
1−
t3−nt2α
m(i)
1 −2tn−1
∫
Xm(i)
|dXm(i)um(i)1 |2dHn−1dt
=
∫ 1
1−
t2α
m(i)
1 λ1(Xm(i))H
n−1(Xm(i))dt
=
1− (1− )2αm(i)1 +1
2α
m(i)
1 + 1
λ1(Xm(i))H
n−1(Xm(i)).
Similarly, we have∫ 1
1−
t3−n
∫
∂Bt(p∞)
|d∂Bt(p∞)u∞1 |2dHn−1dt =
1− (1− )2α∞1 +1
2α∞1 + 1
∫
X∞
|df∞1 |2dHn−1.
Therefore, we have
lim
i→∞
1
Hn−1(Xm(i))
∫
Xm(i)
|dfm(i)1 |2dHn−1 = lim
i→∞
λ1(Xm(i)) =
1
Hn−1(X∞)
∫
X∞
|df∞1 |2dHn−1.
Therefore, since {n(i)}i is arbitrary, we have
lim inf
i→∞
λ1(Xi) ≥ λ1(X∞).
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On the other hand, by [9, Theorem 7.1], we have
lim sup
i→∞
λ1(Xi) ≤ λ1(X∞).
Therefore we have
lim
i→∞
λ1(Xi) = λ1(X∞),
f∞1 is λ1(X∞)-eigenfunction.
Next, we fix an integer k ≥ 2. We assume that
lim
i→∞
λj(Xi) = λj(X∞)
for every 1 ≤ j ≤ k − 1 and that for every subsequence {n(i)}i of N, there exist
a subsequence {m(i)}i of {n(i)}i, λj(Xm(i))-eigenfunction fm(i)j on Xm(i) and λj(X∞)-
eigenfunction f∞j on X∞ such that f
m(i)
j → f∞j on X∞, Lip(fm(i)j |B2(pm(i))) ≤ C(n, j, VM)
for every 1 ≤ j ≤ k − 1 and that
1
Hn−1(Xm(i))
∫
Xm(i)
f
m(i)
l f
m(i)
j dH
n−1 = δjl
for every 1 ≤ j ≤ l ≤ k−1. Especially, {f∞j }1≤j≤k−1 are linearly independent in L2(X∞).
We fix a subsequence {n(i)}i of N and take a subsequece {m(i)}i of {n(i)}i as above. We
also take a λk(Xm(i))-eigenfunction f
m(i)
k such that
1
Hn−1(Xm(i))
∫
Xm(i)
(f
m(i)
k )
2dHn−1 = 1.
We define a harmonic function u
m(i)
k on C(Xm(i)) by u
m(i)
k (r, x) = r
α
m(i)
k f
m(i)
k (x). Here
α
m(i)
k is the positive number satisfying α
m(i)
k (α
m(i)
k + n− 2) = λk(Xm(i)).
By Proposition 2.11 and an argument similar to one of the case k = 1, we can assume
that there exist a locally Lipschitz harmonic function u∞k on C(X∞), a Lipschitz function
f∞k on X∞ and a nonnegative number α
∞
k such that Lip(u
m(i)
k |B2(pm(i))) ≤ C(n, k, VM),
Lipf
m(i)
k ≤ C(n, k, VM), um(i)k → u∞k on C(X∞), fm(i)k → f∞k on X∞ and αm(i)k → α∞k .
Thus, we have u∞k (r, x) = r
α∞k f∞k (x). By an argument similar to one of the case k = 1,
we have
lim
i→∞
∫
Xm(i)
|dfm(i)k |2dHn−1 =
∫
X∞
|df∞k |2dHn−1.
On the other hand, by Proposition 4.13,
lim
i→∞
∫
Xm(i)
f
m(i)
j f
m(i)
l dH
n−1 =
∫
X∞
f∞j f
∞
l dH
n−1.
107
for every 1 ≤ j ≤ l ≤ k. Thus, we have f∞k ∈ (span{f∞1 ,··· , f∞k−1})⊥ and f∞k 6= 0.
Therefore, by min-max principle, we have
λk(X∞) ≤
∫
X∞
|df∞k |2dHn−1∫
X∞
(f∞k )
2dHn−1
.
Since {n(i)}i is arbitrary, we have
λk(X∞) ≤ lim inf
i→∞
λk(Xi).
On the other hand, by [9, Theorem 7.1], we have
lim sup
i→∞
λk(Xi) ≤ λk(X∞).
Therefore, we have
lim
i→∞
λk(Xi) = λk(X∞),
f∞k is a λk(X∞)-eigenfunction. Thus, by induction, we have the assertion.
Remark 5.36. By the proof of Theorem 5.35, with same assumption as in Theorem
5.35, if a sequence of λk(Xi)-eigenfunction f
i
k on Xi converges to some Lipschitz function
f∞k on X∞, then f
∞
k is also a λk(X∞)-eigenfunction.
5.3 Asymptotic behavior of spaces of harmonic functions on
asymptotic cones
In this subsection, we shall give a Weyl type asymptotic formula for harmonic functions
on asymptotic cones of a fixed nonnegatively Ricci curved manifold M with Euclidean
volume growth, as in [22] by Colding-Minicozzi. See [22, Theorem 0.26], [22, Proposition
6.1] and Corollary 5.47. On asymptotic cones of such manifolds, we can give a Weyl type
two-sided bound asymptotic formula. See Theorem 5.43.
Proposition 5.37. For every n-dimensional complete Riemannian manifold M with
RicM ≥ 0 and VM > 0, (M∞, m∞) ∈ MˆM and d > 0, we have dimHd(M∞) ≤ C(n)dn−1.
Moreover, for every V > 0, there exists d(V, n) > 1 such that for every n-dimensional
complete Riemannian manifold M with RicM ≥ 0 and VM ≥ V , d > d(V, n) and
(M∞, m∞) ∈ MˆM , we have
dimHd(M∞) ≤ C(n)VMdn−1.
Proof. This follows from proofs of [22, Proposition 3.1], [22, Proposition 6.1] and
Theorem 5.34. We shall introduce important ideas used in proofs of their propositions
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and give an outline of a proof of our assertion only. We fix V > 0, an n-dimensional
complete Riemannian manifold M with RicM ≥ 0 and VM ≥ V and (M∞, m∞) ∈ MˆM .
There exists a compact geodesic space X such that (M∞, m∞) = (C(X), p). We take
d1 = d1(n) ≥ 1 satisfying that d(d + n − 2) ≤ 2d2 for every d ≥ d1. We take an i-th
eigenfunction ui of ∆X and the i-th eigenvalue λi(X) of ∆X satisfying∫
X
uiujdH
n−1 = δij.
We put Nd = max{l ∈ N;λl(X) ≤ d(d+ n− 2)}. Then, we have∫
X
|dui|2dHn−1 = λi(X) ≤ d(d+ n− 2)
for every 1 ≤ i ≤ Nd. On the other hand, by the proof of [22, Proposition 6.1] (and
Proposition 7.25), there exists d2 = d2(n, VM) ≥ d1 such that for every d ≥ d2 and
{xi}1≤i≤l which is a maximal 1/d-separated subset of X , we have
l ≤ C(n)VMdn−1.
We fix C > 1 and d ≥ d2. (We will decide C depending only on n later.) Let {xj}1≤j≤l be
a maximal 1/(Cd)-separated subset of X . We put V = span{ui; 1 ≤ i ≤ Nd}. We define
a linear map M from V to Rl by
M(v) =
(∫
B2/Cd(x1)
vdHn−1,··· ,
∫
B2/Cd(xl)
vdHn−1
)
.
We put K = KerM. Let w1,··· , wk be an L2(X)-orthonormal basis of K. We take
wk+1,··· , wNd ∈ V satisfying that {wi}1≤i≤Nd are an L2(X)-orthonormal basis of V. By
Poincare´ inequality on X (see [24, Lemma 4.3]), we have∫
B2/Cd(xi)
w2jdH
n−1 ≤ C(n)
(Cd)2
∫
B2/Cd(xi)
|dwj|2dHn−1
for every 1 ≤ j ≤ k and 1 ≤ i ≤ l. Therefore, we have
1 ≤
l∑
i=1
∫
B2/Cd(xi)
w2jdH
n−1 ≤ C(n)
(Cd)2
l∑
i=1
∫
B2/Cd(xi)
|dwj|2dHn−1 ≤ C(n)
(Cd)2
∫
X
|dwj|2dHn−1
for 1 ≤ j ≤ k. Thus we have
k ≤ C(n)
(Cd)2
k∑
j=1
∫
X
|dwj|2dHn−1 ≤ C(n)
(Cd)2
Nd∑
j=1
∫
X
|dwj|2dHn−1 ≤ C(n)
(Cd)2
2d2Nd ≤ C(n)
C2
Nd.
We put C =
√
2C(n) for C(n) as above. Then we have k ≤ Nd/2. Since Nd = k +
dim(ImageM), we have Nd ≤ 2l ≤ C(n)VMdn−1. On the other hand, by Theorem 5.34,
we have dimHd(M∞) ≤ Nd. Therefore, we have the assertion.
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Proposition 5.38. For every V > 0, there exists d(V, n) > 1 such that
dimHd(M∞) ≥ C(n)VMdn−1
holds for every n-dimensional complete Riemannian manifold M with RicM ≥ 0 and
VM ≥ V , d > d(V, n) and (M∞, m∞) ∈ MˆM .
Proof. We fix V > 0, an n-dimensional complete Riemannian manifold M with
RicM ≥ 0 and VM ≥ V , and X ∈MM . First, we remark the following. This follows from
Proposition 7.25, directly.
Claim 5.39. Let  be a positive number, k a positive integer and {xi}1≤i≤k points in X.
We assume that {xi}1≤i≤k are an -separated subset of X. Then we have k ≤ C(n)/n−1.
We shall give an upper bound of the first eigenvalue for Dirichlet problem on each
balls:
Claim 5.40. We have
inf
k∈K(Br(x)),k 6=0
∫
Br(x)
|dXk|2dHn−1∫
Br(x)
k2dHn−1
≤ C(n)
r2
for every x ∈ X and 0 < r ≤ pi.
The proof is as follows. We define a Lipschitz function k on X by k(w) = max{r/2−
x, w, 0}. By the definition, we have k ∈ K(Br(x)),∫
Br(x)
|dXk|2dHn−1 = Hn−1(B r
2
(x))
and ∫
Br(x)
k2dHn−1 ≥
∫
B r
4 (x)
(x)
k2dHn−1 ≥
∫
B r
4
(x)
r2
16
dHn−1 ≥ r
2
16
Hn−1(B r
4
(x)).
By Proposition 7.25, we have∫
Br(x)
|dk|2dHn−1∫
Br(x)
k2dHn−1
≤ 16
r2
Hn−1(Br(x))
Hn−1(B r
4
(x))
≤ C(n)
r2
.
Thus, we have Claim 5.40.
Claim 5.41. We have
lim sup
r→0
Hn−1(Br(x))
rn−1
≤ C(n)
for every x ∈ X.
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The proof is as follows. For every sufficiently small r > 0, we put A = {(s, w) ∈
C(X); 1− r ≤ s ≤ 1 + r, w ∈ Br(x)}. By Proposition 7.22, we have
Hn(B5r(1, x)) =
∫ 1+r
1−r
Hn−1(∂Bt(p) ∩B5r(1, x))dt(226)
≥
∫ 1+r
1−r
Hn−1(∂Bt(p) ∩ A)dt(227)
≥ C(n)rHn−1(Br(x)).(228)
Therefore, by Bishop-Gromov volume comparison theorem on limit spaces, we have Claim
5.41.
Claim 5.42. We have
λd(X) ≤ C(n)
(
d
Hn−1(X)
) 2
n−1
for every d ≥ 1.
The proof is as follows. We fix 0 < C < 1. (We will decide C depending only on n
later.) We put
 = C
(
Hn−1(X)
d
) 1
n−1
and take maximum -separated subset {xi}1≤i≤k of X . By Claim 5.39, we have k ≤
C(n)/n−1 ≤ C(n)dn−1/(Cn−1Hn−1(X)). On the other hand, we have
k∑
i=1
Hn−1(B2(xi)) ≥ Hn−1(X).
By Claim 5.41 and Proposition 7.25, we have Hn−1(B5(xi)) ≤ C(n)n−1. Thus, we have
Hn−1(X) ≤
k∑
i=1
Hn−1(B2(xi)) ≤ kC(n)n−1.
Therefore, we have
k ≥ C1(n)H
n−1(X)
n−1
=
C1(n)
Cn−1
Hn−1(X)d
Hn−1(X)
≥ C1(n)
Cn−1
d.
Here C1(n) is a sufficiently small positive constant depending only on n. We define C by
C = C1(n)
1/(n−1). Then, we have k ≥ d. By Claim 5.40, for every 1 ≤ i ≤ k, there exists
φi ∈ K(B/10(xi)) such that φi 6= 0 and∫
B/10(xi)
|dφi|2dHn−1∫
B/10(xi)
(φi)2dHn−1
≤ C(n)
2
.
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Since {B/10(xi)}i are pairwise disjoint, {φi}i are linearly independent in L2(X). Then,
for every a1,··· , ak ∈ R satisfying
∑k
i=1(ai)
2 6= 0, we have
∫
X
∣∣∣∣∣d
(
k∑
i=1
aiφi
)∣∣∣∣∣
2
dHn−1 =
k∑
i=1
∫
X
|d(aiφi)|2dHn−1(229)
≤
k∑
i=1
C(n)
2
∫
X
(aiφi)
2dHn−1(230)
=
C(n)
2
∫
X
∣∣∣∣∣
k∑
i=1
aiφi
∣∣∣∣∣
2
dHn−1.(231)
Thus, by min-max principle, we have λk(X) ≤ C(n)/2. Therefore, we have
λd(X) ≤ λk(X) ≤ C(n)
2
≤ C(n)
(
d
Hn−1(X)
) 2
n−1
.
Thus, we have Claim 5.42.
The assertion follows from Claim 5.42 and Theorem 5.34.
The main result in this subsection is the following:
Theorem 5.43 (Weyl type asymptotic formula on asymptotic cones). For every V >
0, there exists d(n, V ) ≥ 1 such that
C(n)−1VMdn−1 ≤ dimHd(M∞) ≤ C(n)VMdn−1
holds for every n-dimensional complete Riemannian manifold M with RicM ≥ 0 and
VM ≥ V , d ≥ d(n, V ) and (M∞, m∞) ∈ MˆM .
Proof. It follows from Proposition 5.37 and 5.38 directly.
5.4 A dimension comparison theorem and Liouville type theo-
rem
In this subsection, we shall give a comparison theorem for dimensions between a space
of harmonic functions on a fixed nonnegatively Ricci curved manifold with Euclidean
volume growth, and one on an asymptotic cone of the manifold (Theorem 5.45 below).
Essential tools to prove it are [18, Lemma 3.1] (or [19, Lemma 7.1]) and several properties
of frequency functions on asymptotic cones given in section 5. As a corollary, we will give
a Liouville type theorem on the manifold. See Corollary 5.48. First, we shall introduce
an important mean value inequality for subharmonic functions on nonnegatively Ricci
curved manifolds by Li-Schoen:
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Theorem 5.44 (Li-Schoen, [61]). Let M be a complete n-dimensional Riemannian
manifold with RicM ≥ 0, m a point in M and R a positive number. Then for every
nonnegative subharmonic function f on B3R/2(m), we have
sup
BR(m)
f ≤ C(n)
volB 3R
2
(m)
∫
B 3R
2
(m)
fdvol.
We remark that if RicM ≥ 0, then, by Bochner’s formula, for every harmonic function
h on BR(m), we have, |∇h|2 is a subharmonic function. We fix an n-dimensional complete
Riemannian manifold M with RicM ≥ 0 and VM > 0 below.
Theorem 5.45. For every d ≥ 0,  > 0 and nonnegative integers k ≤ dimHd(M)− 1
and 0 ≤ l ≤ k, , there exists (M∞, m∞) ∈ MˆM such that
l ≤ dimH kk−l+1(d−1+n2 )+1−n2+(M∞)− 1.
Proof. Without loss of generality, we can assume that k ≥ 1 and l ≥ 1. We take
linearly independent harmonic functions u1, u2,··· , uk ∈ Hd(M) satisfying ui(m) = 0. We
put
Jr(ui, uj) =
∫
bgM≤r
〈dui, duj〉dvolgM
for every r > 0. We define ui =
∑i−1
j=1 λji(r)uj + wi,r by satisfying Jr(wi,r, wj,r) = 0 for
i 6= j and put
fi(r) =
∫
bgM≤r
|dwi,r|2dvolgM .
Claim 5.46. We have the following:
1. There exists K > 0 such that fi(r) ≤ K(r2d−2+n+1) for every i = 1,··· , k and r > 0.
2. fi > 0.
3. fi(r) ≤ fi(s) for r ≤ s.
4. fi is a barrier for t
n−2DgMwi,s(t) at every s > 0. Here, for functions g, h on R and
a real number r ∈ R, we say that f is a barrier for g at r if f(r) = g(r) and
f(s) ≤ g(s) for s < r. (see also [18, Definition 4.6]).
By the trivial monotonicity of tn−2DgMu (t) and an argument similar to the proof of [19,
Proposition 8.6] (or [18, Proposition 4.7]), we have Claim 5.46.
We put λ = k
k−l+1 . By [18, Lemma 3.1], for every N ∈ N≥2, there exist a subse-
quence {m(N, i)}i∈N of N and a pairwise distinct integers αN1 ,··· , αNl ∈ {1,··· , k} such that
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fj(N
m(N,i)+1) ≤ 2Nλ(2d−2+n)fj(Nm(N,i)) for every j ∈ {αN1 ,··· , αNk } and i ∈ N. By Claim
5.46, we have
fj(N
m(N,i)+1)
fj(Nm(N,i))
≥
(Nm(N,i)+1)n−2DgMw
j,Nm(N,i)+1
(Nm(N,i)+1)
(Nm(N,i))n−2DgMw
j,Nm(N,i)+1
(Nm(N,i))
.
Thus, we have
DgMw
j,Nm(N,i)+1
(Nm(N,i)+1)
DgMw
j,Nm(N,i)+1
(Nm(N,i))
≤ 2Nλ(2d−2+n)+2−n.
We define a harmonic function wN,ij on B
(Nm(N,i))−2gM
N/10 (m) by
wN,ij (w) = wj,Nm(N,i)+1
(232)
×
(
Nm(N,i)
√
1
volgM ({bgM ≤ Nm(N,i)})
∫
bgM≤Nm(N,i)
|dwj,Nm(N,i)+1|2dvolgM
)−1
.(233)
We assume that N is sufficiently large below. Then, for x1, x2 ∈ B(N
m(N,i))−2gM
N/10 (m), by
Li-Schoen’s gradient estimate, we have
|wN,ij (x1)− wN,ij (x2)|
(234)
≤ sup
B
Nm(N,i) N5
(m)
|∇wj,Nm(n,i)+1|x1, x2gM
(235)
×
(
Nm(N,i)
√
1
volgM ({bgM ≤ Nm(N,i)})
∫
bgM≤Nm(N,i)
|dwj,Nm(N,i)+1|2dvolgM
)−1(236)
≤ C(n)
√
1
volgM ({bgM ≤ Nm(N,i) 2N
3
})
∫
bgM≤Nm(N,i) 2N
3
|dwj,Nm(N,i)+1|2dvolgM
(237)
×
(√
1
volgM ({bgM ≤ Nm(N,i)})
∫
bgM≤Nm(N,i)
|dwj,Nm(N,i)+1|2dvolgM
)−1
× x1, x2(Nm(N,i))−2gM
(238)
≤ C(n)Nλ(d−1+n/2)+1−n/2x1, x2(Nm(N,i))−2gM .
(239)
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By Proposition 2.11 and compactness of MM , without loss of generality, we can as-
sume that there exist XN ∈ MM and Lipschitz functions wN,∞j on BN/10(pN) such that
(M,m, (Nm(N,i))−1dM , w
N,i
j ) → (C(XN), pN , wN,∞j ) (j ∈ {α1, · · · , αl}). On the other
hand,
1
vol(N
m(N,i))−2gM B
(Nm(N,i))−2gM
1 (m)
(240)
×
∫
B
(Nm(N,i))−2gM
1 (m)
|d(Nm(N,i))−2gMwN,ij |2dvol(N
m(N,i))−2gM(241)
=
1
volgM BNm(N,i)(m)
∫
B
Nm(N,i)
(m)
|dwj,Nm(N,i)+1|2(Nm(N,i))2dvolgM(242)
×
(
N2m(N,i)
1
volgM ({bgM ≤ Nm(N,i)})
∫
bgM≤Nm(N,i)
|dwj,Nm(N,i)+1|2dvolgM
)−1
(243)
= 1±Ψ(i−1;n,N).(244)
By Corollary 4.37 and Theorem 5.1, we have
1
Hn(B1(pN))
∫
B1(pN )
|dwN,∞j |2dHn = 1.
Similarly, we have ∫
B1(pN )
〈dwN,∞i , dwN,∞j 〉dHn = 0
for i 6= j. Therefore, {wN,∞j }j are linearly independent harmonic functions. For conve-
nience, we shall change the notation: {αN1 ,··· , αNl } = {1,··· , l}. By Proposition 5.14, we
have
IwN,∞j
( N
100
)
IwN,∞j
(1)
=
UwN,∞j
(1)
UwN,∞j
( N
100
)
DwN,∞j
( N
100
)
DwN,∞j
(1)
≤
DwN,∞j
( N
100
)
DwN,∞j
(1)
≤ 2Nλ(2d−2+n)+2−n.
Thus, by Proposition 5.11, we have
exp
∫ N
100
1
2
UwN,∞j
(t)
t
dt ≤ 2Nλ(2d−2+n)+2−n.
We take 1 ≤ lˆ < N/100. Since
exp
∫ N
100
lˆ
2
UwN,∞j
(t)
t
dt ≤ 2Nλ(2d−2+n)+2−n,
by Proposition 5.14, we have(
N
100lˆ
)2U
w
N,∞
j
(lˆ)
≤ 2Nλ(2d−2+n)+2−n
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i.e.
2UwN,∞j
(lˆ) ≤ logN
logN − log(100lˆ) +
logN
logN − log(100lˆ)(λ(2d− 2 + n) + 2− n).
Therefore, for every lˆ ≥ 1, there exists Nlˆ such that UwN,∞j (a) ≤ λ(d−1+n/2)+1−n/2+
for every N ≥ Nlˆ and 1 ≤ a ≤ lˆ. We take x1 ∈ B lˆ
10
(pN). By Li-Schoen’s gradient estimate
and Theorem 5.9, we have
LipwN,∞j (x1) ≤ C(n)
√
1
Hn(Blˆ(pN))
∫
B
lˆ
(pN )
(LipwN,∞j )2dHn(245)
≤ C(n, VM)
√
lˆ−n
∫
B
lˆ
(pN )
|dwN,∞j |2dHn(246)
≤ C(n, VM , λ, d)
√
lˆ−1−n
∫
∂B
lˆ
(pN )
|wN,∞j |2dHn(247)
≤ C(n, VM , λ, d)lˆ−1
√
1
Hn−1(∂Blˆ(pN))
∫
∂B
lˆ
(pN )
|wN,∞j |2dHn.(248)
On the other hand, by Proposition 5.14, we have
IwN,∞j
(lˆ) = exp
(∫ lˆ
1
2UwN,∞j
(t)
t
dt
)
IwN,∞j
(1)(249)
≤ exp
(∫ lˆ
1
λ(2d− 2 + n) + 2− n+ 2
t
dt
)
IwN,∞j
(1)(250)
≤ lˆλ(2d−2+n)+2−n+2IwN,∞j (1)(251)
for N ≥ Nl. By Proposition 5.19, we have
0 ≤ IwN,∞j (1) ≤ IwN,∞j (1)UwN,∞j (1) ≤ DwN,∞j (1) = 1.
Thus, we have IwN,∞j
(lˆ) ≤ lˆλ(2d−2+n)+2−n+2. Therefore, we have
Lip
(
wN,∞j |B lˆ
10
(pN )
)
≤ C(n, VM , λ, d)lˆλ(d−1+n/2)−n/2+.
By Proposition 2.11 and compactness ofMM , we can assume that there exist X∞ ∈MM
and locally Lipschitz harmonic functions w∞j ∈ Hλ(d−1+n/2)+1−n/2+(C(X∞)) such that
XN → X∞ and that wN,∞j → w∞j on BR(p∞) for every R > 0. By Corollary 4.37, we have
1
Hn(B1(p∞))
∫
B1(p∞)
〈dw∞j , dw∞i 〉dHn = δij .
Especially, {w∞j }j are linearly independent nonconstant harmonic functions. Therefore
we have the assertion.
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As a corollary of Theorem 5.45, we have the following result by Colding-Minicozzi:
Corollary 5.47 (Colding-Minicozzi, [22]). For every V > 0, there exists d(V, n) > 1
such that
dimHd(M) ≤ C(n)VMdn−1
for every d > d(V, n) and n-dimensional complete Riemannian manifoldM with RicM ≥ 0
and VM ≥ V .
Proof. By taking k = [(dimHd(M)−1)/2] as in Theorem 5.45, the assertion follows
from Theorem 5.43 and Theorem 5.45 directly. Here [a] = inf{l ∈ Z; a ≤ l} for every
a ∈ R.
We put λ1 = inf{λ1(X);X ∈MM} and define d1 ≥ 1 by
d1 =
−(n− 1) +√(n− 2)2 + 4λ1
2
.
By Theorem 5.35, we have the following:
1. Hd(M∞) = {Constant functions} for every (M∞, m∞) ∈ MˆM and 0 < d < d1.
2. Hd1(Mˆ∞) 6= {Constant functions} for some (Mˆ∞, mˆ∞) ∈ MˆM .
Corollary 5.48 (Liouville type theorem). We have Hd(M) = {Constant functions}
for every 0 < d < d1.
Proof. We assume that the assertion is false. We take  > 0 satisfying  < d1 − d.
By taking k = l = 1 as in Theorem 5.45, there exists (M∞, m∞) ∈ MˆM such that
2 ≤ dimHd+(M∞). This is a contradiction.
Finally, we end this subsection by showing the following. See also [20, Conjecture 0.9].
Corollary 5.49. Let d be a positive number and u ∈ Hd(M). Then we have
lim inf
t→∞
(
sup
s∈K
UgMu (ts)
)
≤ d
for every compact set K ⊂ (0,∞).
Proof. Assume that u is not a constant. By the proof of Theorem 5.45, for every  >
0, there exist sequences of positive numbers {Ri}i, {Rˆi}i, an asymptotic cone (M∞, m∞) ∈
MˆM and a nonconstant harmonic function u∞ ∈ Hd+(M∞) such that Ri →∞, Rˆi →∞,
(M,m,R−1i dM) → (M∞, m∞), supi LipR
−1
i dM
(
(u)Rˆi|BR−1i dMR (mi)
)
< ∞ for every R > 0
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and that (u)Rˆi(xi) → u∞(x∞) for every sequence xi → x∞ with respect to the conver-
gence (M,m,R−1i dM) → (M∞, m∞). By the definition of UgMu (t), we have UR
−2
i gM
(u)
Rˆi
(s) =
U
R−2i gM
u (s) = UgMu (Ris) for every s > 0. Thus, since limi→∞
(
sups∈K |UR
−2
i gM
(u)
Rˆi
(s)− Uu∞(s)|
)
=
0 and Uu∞ ≤ d+ , we have lim inft→∞ (sups∈K UgMu (ts)) ≤ d+ . Therefore, we have the
assertion.
6 Stability of lower bounds on Ricci curvature via
Laplacian comparison theorem
In this section, as an application of Theorem 4.27, we shall establish Laplacian comparison
theorem on Ricci limit spaces. For H ∈ R, we define a smooth function kH on R by
k′′H(r) +Hk
′′
H(r) = 0, k(0) = 0, k
′
H(0) = 1.
Here f ′ = df/dr for every differentiable function f on R. We remark the following:
1. (Laplacian comparison theorem on manifolds). For every n-dimensional complete
Riemannian manifold M with RicM ≥ H(n− 1) and point p ∈M , we have
∆rp(x) ≥ −(n− 1)k
′
H(p, x)
kH(p, x)
for every x ∈ M \ (Cp ∪ {p}).
2. For the n-dimensional space form MnH whose sectional curvature is equal to H and
every point p ∈MH , we have
∆rp(x) = −(n− 1)k
′
H(p, x)
kH(p, x)
for every x ∈ MH \ (Cp ∪ {p}).
3. If an n-dimensional complete Riemannian manifold M satisfies that
∆rp(x) ≥ −(n− 1)k
′
H(p, x)
kH(p, x)
for every p ∈M and x ∈M \ (Cp ∪ {p}), then we have RicM ≥ H(n− 1).
See for instance [4], [7], [53], [72] and [93]. The following theorem is the main result in this
subsection. This formulation is given in [53] by Kuwae-Shioya on weighted Alexandrov
spaces.
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Theorem 6.1 (Laplacian comparison theorem). Let H be a real number, (Y, y, υ)
a (n,H)-Ricci limit space (n ≥ 2), x a point in Y and R a positive number and f a
nonnegative valued Lipschitz function on BR(x). Then, we have∫
BR(x)
〈df, drx〉dυ ≥ −(n− 1)
∫
BR(x)
k′H(x, w)
kH(x, w)
f(w)dυ.
Proof. Let (Mi, mi, vol)→ (Y, y, υ) with RicMi ≥ Hi(n− 1) satisfying Hi → H . We
take L ≥ 1 and x(j) ∈ Mj satisfying |f |L∞(BR(x)) + Lipf + υ(BR(x)) ≤ L and x(j) → x.
First, we assume that suppf∩({x}∪∂Bpi/√H(x)) = ∅. Here, if H ≤ 0, then ∂Bpi/√H(x)) =
∅. Then there exists τ > 0 such that suppf ∩ Bτ
(
{x} ∪ ∂Bpi/√H(x)
)
= ∅. By Theorem
4.27, for every  > 0, there exist an open set Ω ⊂ BR(x) \ Bτ
(
{x} ∪ ∂Bpi/√H(x)
)
,
2L-Lipschitz function f  on BR(x) and a sequence of 2L-Lipschitz function f

i on BR(xi)
such that suppf ∩Bτ
(
{x} ∪ ∂Bpi/√H(x)
)
= ∅, suppf i ∩Bτ
(
{x(i)} ∪ ∂Bpi/√H(x(i))
)
= ∅,
(f i , df

i )→ (f , df ) on Ω and
υ
(
Ω ∪ Bτ
(
{x} ∪ ∂Bpi/√H(x)
))
υ(BR(x))
+ |f − f |L∞(BR(x)) +
1
υ(BR(x))
∫
BR(x)
|df − df |2dυ < .
By Proposition 2.12, we can assume that there exists a finite pairwise disjoint collection
{Bri(xi)}1≤i≤N such that Ω =
⋃N
i=1Bri(xi). We take xi(j) ∈ Mj satisfying xi(j) → xi.
Then, by Proposition 4.13, we have∫
BR(x(j))
〈df j , drx(j)〉dvol =
∫
BR(x(j))\Bτ({x(j)}∪∂Bpi/√H (x(j)))
〈df j , drx(j)〉dvol(252)
=
N∑
i=1
∫
Bri (xi(j))
〈df j , drx(j)〉dvol±Ψ(;n, L,H)(253)
=
N∑
i=1
∫
Bri (xi(j))
〈df , drx〉dυ ±Ψ(;n, L,H)(254)
=
∫
BR(x)\Bτ({x}∪∂Bpi/√H(x))
〈df , drx〉dυ ±Ψ(;n, L,H)(255)
=
∫
BR(x)
〈df , drx〉dυ ±Ψ(;n, L,H)(256)
=
∫
BR(x)
〈df, drs〉dυ ±Ψ(;n, L,H)(257)
for every sufficiently large j. On the other hand, for every i, there exists a Lipschitz func-
tion ψi on Mi such that 0 ≤ ψi ≤ 1, ψi|Bτ/2({x}∪∂Bpi/√H (x)) = 0, ψi|Mi\Bτ({x}∪∂Bpi/√H (x)) = 1
and Lipψi ≤ C(n, τ). Since f i + Ψ(;n, L,H) ≥ 0 on BR(x(i)) for every sufficiently
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large i, we have f i +Ψ(;n, L,H)ψi ≥ 0 on BR(x(i)). Therefore by Proposition 4.13 and
Corollary 7.18, we have
∫
BR(x(i))
〈d (f i +Ψ(;n, L,H)ψi) , drx(i)〉dvol
(258)
≥ −(n− 1)
∫
BR(x(i))
k′Hi(x(i), w)
kHi(x(i), w)
(f i +Ψ(;n, L,H)ψi)dvol
(259)
≥ −(n− 1)
∫
BR(x(i))
k′Hi(x(i), w)
kHi(x(i), w)
f i dvol−Ψ(;n, L,H)
∫
BR(x(i))
∣∣∣∣∣k
′
Hi
(x(i), w)
kHi(x(i), w)
ψi
∣∣∣∣∣ dvol
(260)
≥ −(n− 1)
∫
BR(x(i))
k′Hi(x(i), w)
kHi(x(i), w)
f i dvol−Ψ(;n, L,H, τ, R)
(261)
= −(n− 1)
∫
BR(x)
k′H(x, w)
kH(x, w)
f dυ −Ψ(;n, L,H, τ, R)
(262)
= −(n− 1)
∫
BR(x)
k′H(x, w)
kH(x, w)
fdυ −Ψ(;n, L,H, τ, R)
(263)
for every sufficiently large i. Since∫
BR(x(i))
|df i − d (f i +Ψ(;n, L,H)ψi) |dvol ≤ Ψ(;n, L,H, τ),
we have∫
BR(x)
〈df, drx〉dυ ≥ −(n− 1)
∫
BR(x)
k′H(x, w)
kH(x, w)
f(w)dυ −Ψ(;n, L,H, τ, R).
By letting → 0, we have the assertion of the case suppf ∩ ({x} ∪ ∂Bpi/√H(x)) = ∅.
Next, we shall discuss the assertion of the case suppf ∩ ({x} ∪ ∂Bpi/√H(x)) 6= ∅. We
assume thatH ≤ 0 and lim infr→0 υ(Br(x))/r = 0. We take a sequence of positive numbers
{ri}i satisfying ri → 0 and limi→∞ υ(Bri(x))/ri = 0. We also take a Lipschitz function φi
on Y satisfying φi|Bri/2(x) = 1, 0 ≤ φi ≤ 1, suppφi ⊂ Bri(x) and Lipφi ≤ C(n)/ri. We fix
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 > 0. Then we have∣∣∣∣
∫
Y
〈df, drx〉dυ −
∫
Y
〈d(1− φi)f, drx〉dυ
∣∣∣∣ ≤
∫
Y
|d(φif)|dυ(264)
=
∫
Bri(x)
|d(φif)|dυ(265)
≤ C(n, L)
ri
υ(Bri(x)).(266)
On the other hand, since k′H/kH ≥ 0, we have∫
Y
〈d(1− φi)f, drx〉dυ ≥ −(n− 1)
∫
Y
k′H(x, w)
kH(x, w)
(1− φi)fdυ(267)
≥ −(n− 1)
∫
Y
k′H(x, w)
kH(x, w)
f(w)dυ.(268)
Thus, by letting i→∞, we have the assertion of the caseH ≤ 0 and lim infr→0 υ(Br(x))/r =
0.
Next, we shall discuss the assertion the case H ≤ 0, lim infr→0 υ(Br(x))/r > 0 and
f(x) = 0. We take a sequence of positive numbers {ri}i satisfying ri → 0. We also take
φi as above. Then we have∣∣∣∣
∫
Y
〈df, drx〉dυ −
∫
Y
〈d(1− φi)f, drx〉dυ
∣∣∣∣ ≤
∫
Y
|d(φif)|dυ(269)
=
∫
Bri (x)
|d(φif)|dυ(270)
=
∫
Bri (x)
|fdφi + φidf |dυ(271)
≤
∫
Bri(x)
|f ||dφi|dυ + Lipfυ(Bri(x))(272)
≤ riLipf υ(Bri(x))
ri
+ Lυ(Bri(x))(273)
= 2Lυ(Bri(x)).(274)
Therefore, we have the assertion of the case H ≤ 0, lim infr→0 υ(Br(x))/r > 0 and
f(x) = 0.
We shall discuss the case H ≤ 0, lim infr→0 υ(Br(x))/r > 0 and f(x) > 0. Then we
remark the following:
Claim 6.2. We have
lim inf
r→0
υ−1(∂Br(x) \ Cx) > 0.
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The proof is as follows. For every sufficiently small r > 0, there exists an isometric
embedding γ from [0, 3r] to Y satisfying γ(0) = x. We put xr = γ(5r/2). Then we have
υ(B3r(x) \B2r(x)) ≥ υ(B r
100
(xr)) ≥ C(n,H)υ(Br(x)).
By [42, Theorem 4.6], we have
υ−1(∂Br(x) \ Cx) ≥ υ−1 (∂Br(x) ∩ Cx(B3r(x) \B2r(x)))(275)
≥ C(n,H)υ(B3r(x) \B2r(x))
volB3r(p)− volB2r(p) voln−1 ∂Br(p)(276)
≥ C(n,H)υ(Br(x))
rn
rn−1 ≥ C(n)υ(Br(x))
r
.(277)
Therefore, we have Claim 6.2.
By the assumption, there exist r0 > 0 and τ0 > 0 such that f(w) > τ0 for every
w ∈ Br0(x). Thus, by [42, Theorem 5.2], we have∫
Y
k′H(x, w)
kH(x, w)
f(w)dυ ≥ C(n, r0, H, τ0)
∫
Br0 (x)
1
rx(w)
dυ(278)
≥ C(n, r0, H, τ0)
∫ r0
0
∫
∂Br(x)\Cx
1
r
dυ−1dr(279)
= C(n, r0, H, τ0)
∫ r0
0
υ−1(∂Br(x) \ Cx)
r
dr =∞(280)
Therefore, we have the assertion of the case H ≤ 0, lim infr→0 υ(Br(x))/r > 0 and
f(x) > 0.
Finally, we shall discuss the assertion of the case H > 0. By rescaling, without loss of
generality, we can assume that H = 1. If R < pi, then we can prove the assertion by an
argument similar to one above. Therefore, we assume that R = pi and ∂Bpi(x) 6= ∅ below.
Then, by [6] (or [44]), we have Y = S0 ∗ ∂Bpi/2(x). Here, for every metric space X , we
define a distance on [0, pi]×X/{0, pi} ×X by
(t1, x1), (t2, x2) = arccos(cos t1 cos t2 + sin t1 sin t2 cosmin{x1, x2, pi}),
S0 ∗ X denote this metric space. We take z ∈ ∂Bpi(x). By Bishop-Gromov volume
comparison theorem for υ, we have
υ(Br(x))
υ(Y )
=
υ(Y \Bpi−r(z))
υ(Y )
= 1− υ(Bpi−r(x))
υ(Y )
≤ 1− volBpi−r(p)
volBpi(p)
=
volBr(p)
volSn
for every 0 < r ≤ pi/2. On the other hand, by Bishop-Gromov volume comparison
theorem, since υ(Br(x))/υ(Y ) ≥ volBr(p)/volSn, we have
υ(Br(x))
υ(Y )
=
volBr(p)
volSn
.
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Similarly, we have υ(Br(z))/υ(Y ) = volBr(p)/volS
n. Especially, we have
lim
r→0
υ(Br(x))
ωnrn
= lim
r→0
υ(Br(z))
ωnrn
=
υ(Y )
volSn
.
Since k′1(r)/k1(r) ≥ 0 for every 0 < r ≤ pi/2, by [42, Theorem 4.2] and [42, Theorem 5.2],
we have ∫
Bpi
2
(x)
k′1(x, w)
k1(x, w)
dυ ≤
∫ pi
2
0
∫
∂Bt(x)\Cx
C(n)
rx
dυ−1dt(281)
= C(n)
∫ pi
2
0
υ−1(∂Bt(x) \ Cx)
t
dt(282)
≤ C(n)
∫ pi
2
0
υ(Bt(x))
t
voln−1 ∂Bt(p)
volBt(p)
dt(283)
≤ C(n)
∫ pi
2
0
υ(Bt(x))
t2
dt ≤ C(n).(284)
We remark that Cz = {x} and Cx = {z}. Similarly, we have∫
M\Bpi
2
(x)
∣∣∣∣k′1(x, w)k1(x, w)
∣∣∣∣ dυ =
∫
Bpi
2
(z)
∣∣∣∣k′1(x, w)k1(x, w)
∣∣∣∣ dυ(285)
≤ C(n)
∫ pi
2
0
∫
∂Bt(z)
1
t
dυ−1dt(286)
≤ C(n)
∫ pi
2
0
υ−1(∂Bt(z) \ Cz)
t
dt ≤ C(n).(287)
We take ri > 0 satisfying ri → 0 and φi as above. We also take Lipschitz functions φˆi on
Y satisfying 0 ≤ φˆi ≤ 1, φˆi|Bri/2(z) = 1, suppφˆi ⊂ Bri(z) and Lipφˆi ≤ C(n)/ri. Then we
have
∣∣∣∣
∫
Y
〈df, drx〉dυ −
∫
Y
〈d(1− φi)(1− φˆi)f, drx〉dυ
∣∣∣∣ ≤
∫
Y
|d(f − (1− φi)(1− φˆi)f)|dυ
(288)
=
∫
Bri (x)
|d(φif)|dυ +
∫
Bri(z)
|d(φˆif)|dυ(289)
≤ Lipf υ(Bri(x))
ri
+ Lipf
υ(Bri(z))
ri
(290)
i→∞→ 0.(291)
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On the other hand, by dominated convergence theorem, we have
∫
Y
〈d(1− φi)(1− φˆi)f, drx〉dυ
(292)
≥ −(n− 1)
∫
Y
k′1(x, w)
k1(x, w)
(1− φi)(1− φˆi)f(w)dυ
(293)
≥ −(n− 1)
∫
Y
k′1(x, w)
k1(x, w)
f(w)dυ − (n− 1)
∫
Y
∣∣∣∣k′1(x, w)k1(x, w)
∣∣∣∣ |(1− φi)(1− φˆi)f(w)− f(w)|dυ
(294)
i→∞→ −(n− 1)
∫
Y
k′1(rx(w))
k1(rx(w))
f(w)dυ.
(295)
Therefore we have the assertion.
We end this section by giving a corollary of Theorem 6.1. The corollary is well known
in the setting of metric measure spaces. See for instance [72, 88, 89, 65, 66, 92, 93]. We
will give a new proof via Laplacian comparison theorem on Ricci limit spaces:
Corollary 6.3. Let {Hi}i=1,2,···,∞ be a sequence of real numbers, {(Mi, mi)}i∈N a
sequence of pointed n-dimensional complete Riemannian manifolds with RicMi ≥ Hi(n−1)
and (M∞, m∞) a pointed n-dimensional complete Riemannian manifold (n ≥ 2). We
assume that Hi → H∞ and (Mi, mi)→ (M∞, m∞). Then we have RicM∞ ≥ H∞(n− 1).
Proof. By [6, Theorem 5.9], we have (Mi, mi, H
n) → (M∞, m∞, Hn). Then, by
Theorem 6.1, we have, ∆rx(w) ≥ −(n − 1)k′H∞(x, w)/kH∞(x, w) for every x ∈ M∞ and
w ∈M∞ \ (Cx ∪ {x}). Therefore, we have the assertion.
7 Appendix
7.1 Infinitesimal doubling condition and Lebesgue set
In this subsection, we shall study metric measure spaces satisfying a good property (Defi-
nition 7.1). On such metric measure spaces, we can construct an outer measure associated
to the measure and give several properties about it. Especially, we will define Lebesgue
set and give several properties of the set (see Corollary 7.6 and Proposition 7.7).
Definition 7.1. Let (Z, υ) be a metric measure space, A a Borel subset of Z and
C ≥ 1. We say that (Z, υ) satisfies infinitesimal doubling condition on A with doubling
constant C if the following properties hold:
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1. υ(K) <∞ for every bounded Borel subset K of A.
2. For every z ∈ A, there exists r > 0 such that
υ(B2s(z)) ≤ Cυ(Bs(z))
for every 0 < s < r.
We shall give an example:
Example 7.2. Let (Y, y, υ) be a Ricci limit space, x a point in Y , R a positive number
satisfying ∂BR(x) \ Cx 6= ∅. Then, the metric measure space (∂BR(x), υ−1) satisfies
infinitesimal doubling condition on ∂BR(x) \ Cx. In fact, we have
lim sup
r→0
υ−1(∂BR(x) ∩B2r(z))
υ−1(∂BR(x) ∩ Br(z) \ Cx) ≤ C(n)
for every z ∈ ∂BR(x) \ Cx. This follows from [42, Corollary 4.7] and [42, Theorem 5.2].
We fix a metric measure space (Z, υ) and a Borel subset A of Z satisfying that (Z, υ)
satisfies infinitesimal doubling condition on A with doubling constant C ≥ 1 below. For
every δ > 0 and Aˆ ⊂ Z, we put
υ∗δ (Aˆ) = inf
{ ∞∑
i=1
υ(Brλ(xλ)); 0 ≤ ri < δ, Aˆ ⊂
∞⋃
i=1
Bri(xi)
}
and define an outer measure υ∗ on Z by
υ∗(Aˆ) = lim
δ→0
υ∗δ (Aˆ).
We also put M = {Aˆ ∈ 2Z ; υ∗(B ∩ Aˆ) + υ∗(B \ Aˆ) ≤ υ∗(B) for every B ∈ 2Z}. We
shall recall that (Z,M, υ∗) is a complete measure space and that B(Z) = {B ∈ 2Z ;B is
a Borel subset of Z } ⊂ M. See for instance chapter 1 in [81]. By the definition, we have
υ(Aˆ) ≤ υ∗(Aˆ) for every Borel subset Aˆ of Z.
Proposition 7.3. We have υ∗(Aˆ) = υ(Aˆ) for every Borel subset Aˆ ⊂ A.
Proof. Without loss of generality, we can assume that υ(Aˆ) < ∞. We fix , δ > 0.
There exists an open set O ⊂ Z such that Aˆ ⊂ O and υ(O \ Aˆ) < . For every a ∈ Aˆ,
there exists ra > 0 such that Bra(a) ⊂ O and that υ(B2r(a)) ≤ Cυ(Br(a)) for every
0 < r < ra. By Proposition 2.12, there exists a pairwise disjoint collection {Bri(ai)} such
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that ai ∈ Aˆ, ri < min{δ, rai}/100 and Aˆ \
⋃N
i=1Bri(ai) ⊂
⋃∞
i=N+1B5ri(ai) for every N .
Since υ(O) <∞, there exists N such that ∑∞i=N+1 υ(Bri(ai)) < . Then we have
υ∗δ (Aˆ) ≤
N∑
i=1
υ(Bri(ai)) +
∞∑
i=N+1
υ(B5ri(ai))(296)
≤
N∑
i=1
υ(Bri(ai)) +
∞∑
i=N+1
C3υ(Bri(ai))(297)
≤ υ(O) + C3 ≤ υ(Aˆ) + (1 + C3).(298)
By letting δ → 0 and → 0, we have the assertion.
The following corollary is a fundamental property for a relation to Hausdorff measure
on metric measure spaces satisfying infinitesimal doubling condition.
Corollary 7.4. Assume that there exists α ≥ 0 such that υ is Ahlfors α-regular at
every z ∈ A. Then, υ and Hα are mutually absolutely continuous on A.
Proof. For every i ∈ N, we put Ai = {a ∈ A; i−1rα ≤ υ(Br(a)) ≤ irα for every
0 < r < i−1}. Let D be a Borel subset of A. First, we assume that Hα(D) = 0. Then, we
have Hα(D ∩ Ai) ≤ Hα(D) = 0 for every i. We fix i. Then, for every positive numbers
, δ satisfying , δ << i−1, there exists a countable collection {Brj(xj)}j such that rj < δ,
xj ∈ D ∩ Ai and
∑
j r
α
j < . Thus, we have
∑
j υ(Brj(xj)) < Ψ(; i). Therefore, we
have υ∗(D ∩ Ai) = 0. Since (Z, υ∗,M) is a complete measure space, we have υ∗(D) = 0.
Especially, we have υ(D) = 0. Next, we assume that υ(D) = 0. By Proposition 7.3, we
have υ∗(D ∩ Ai) ≤ υ∗(D) = υ(D) = 0 for every i. Then, by an argument similar to that
above, we have Hα(D ∩Ai) = 0. Thus, we have Hα(D) = 0.
For subset Aˆ ⊂ Z, let Leb Aˆ, denote the set of points, a ∈ A, such that for every
 > 0, there exists r > 0 such that υ∗(Bs(a) ∩ Aˆ) ≥ (1 − )υ(Bs(a)) for every 0 < s < r.
We call Leb Aˆ Lebesgue set of Aˆ.
Proposition 7.5. We have
υ∗(Aˆ \ Leb Aˆ) = 0
for every Borel subset Aˆ of A.
Proof. We fix z ∈ Z and  > 0. For τ > 0 and N ∈ N, let Aˆτ,N , denote the set
of points, a ∈ Aˆ ∩ BN(z), such that there exists a sequence of positive numbers ri > 0
such that ri → 0 and that υ∗(Bri(a) ∩ Aˆ) ≤ (1 − τ)υ(Bri(a)) holds for every i. We
remark that υ∗(Aˆτ,N) ≤ υ∗(Aˆ ∩ BN (z)) = υ(Aˆ ∩ BN (z)) < ∞. Thus, by the definition
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of υ∗, there exists a countable collection {Bsi(xi)}i such that Aˆτ,N ⊂
⋃∞
i=1Bsi(xi) and
|υ∗(Aτ,N)−
∑∞
i=1 υ(Bsi(xi))| < . We put O = BN(z)∩
⋃∞
i=1Bsi(xi). By the definition of
Aˆτ,N and Proposition 2.12, there exists a pairwise disjoint collection {Bri(ai)}i such that
ai ∈ Aˆτ,N , υ(B2ri(ai)) ≤ Cυ(Bri(ai)), B100ri(ai) ⊂ O, υ(Bri(ai) ∩ Aˆ) ≤ (1− τ)υ(Bri(ai))
for every i, and Aˆτ,N \
⋃Nˆ
i=1Bri(ai) ⊂
⋃∞
i=Nˆ+1B5ri(ai) for every Nˆ . We take Nˆ satisfying∑∞
i=Nˆ+1 υ(Bri(ai)) < . Then we have
υ∗(Aˆτ,N) ≤
Nˆ∑
i=1
υ∗(Aˆτ,N ∩Bri(ai)) +
∞∑
i=Nˆ+1
υ(B5ri(ai))(299)
≤
Nˆ∑
i=1
υ(Aˆ ∩Bri(ai)) + C3
∞∑
i=Nˆ+1
υ(Bri(ai))(300)
≤ (1− τ)
Nˆ∑
i=1
υ(Bri(ai)) + C
3(301)
≤ (1− τ)υ(O) + C3(302)
≤ (1− τ)
∞∑
i=1
υ(Bsi(xi)) + C
3(303)
≤ (1− τ)(υ∗(Aˆτ,N) + ) + C3.(304)
By letting → 0, we have υ∗(Aˆτ,N) = 0. Thus, we have Aˆτ,N ∈ M and υ∗(Aˆ \ Leb Aˆ) =
υ∗(
⋃
τ>0,N∈N Aˆτ,N) = 0.
By Proposition 7.5, we remark Leb(Leb(Aˆ)) = Leb(Aˆ) for every Borel subset Aˆ ⊂ A.
Corollary 7.6 (Lebesgue differentiation theorem for locally bounded functions). Let
f be a Borel function f on Z satisfying that f is locally bounded at every a ∈ A. Then,
there exists a Borel subset Aˆ of A such that υ(A \ Aˆ) = 0 and that for every a ∈ Aˆ and
 > 0, there exists r > 0 such that
−υ(Bs(x)) ≤
∫
Bs(x)
|f − f(x)|dυ ≤ υ(Bs(x))
for every 0 < s < r.
Proof. We fix  > 0 and z ∈ A. For every N ∈ N, by Lusin’s theorem, there exists a
compact set K,N ⊂ A∩BN(z) such that υ(A∩BN(z)\K,N) <  and that f is continuous
on K,N . We put Kˆ,N = LebK,N . Then, it is easy to check that for every x ∈ Kˆ,N and
 > 0, there exists r > 0 such that
−υ(Bs(x)) ≤
∫
Bs(x)
|f − f(x)|dυ ≤ υ(Bs(x))
for every 0 < s < r. Therefore, we have the assertion.
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We end this subsection by giving a fundamental property of Lebesgue sets for Lipschitz
functions on metric measure spaces satisfying doubling condition:
Proposition 7.7. Assume that the following properties hold:
1. 0 < υ(Br(z)) for every z ∈ Z and r > 0
2. There exist r0 > 0 and C > 1 such that
υ(B2r(z)) ≤ Cυ(Br(z))
for every z ∈ Z and 0 < r < r0.
Then, for every Lipschitz function f on Z and Borel subset A of Z, we have Lipf(a) =
Lip(f |A)(a) and lipf(a) = lip(f |A)(a) for every a ∈ Leb(A).
Proof. Without loss of generality, we can assume that a is not isolated point. There
exists a sequence ai ∈ Z \ {a} such that ai → a and that |f(ai)− f(a)|/ai, a→ Lipf(a).
By the assumption, for every sufficiently large i, there exists aˆi ∈ A such that aiaˆi ≤
Ψ(a, ai;C)a, ai. Especially we have aˆi 6= a, i.e. a is not an isolated point in A. It is easy
to check
lim
i→∞
|f(a)− f(ai)|
a, ai
= lim
i→∞
|f(a)− f(aˆi)|
a, aˆi
.
Therefore, we have Lipf(a) ≤ Lip(f |A)(a). Thus we have the first assertion. Similarly,
we have the second assertion.
7.2 A proof of Claim 3.25
In this subsection, we shall give a proof of Claim 3.25. We define a function pi1 on R
k by
pi1((x1,··· , xk)) = x1. Then, by the definition, we have
sl1 − LebA =
{
a = (a1,··· , ak) ∈ A; lim inf
r→0
Hk−1(Br(a) ∩A ∩ pi−11 (pi1(a)))
ωk−1rk−1
= 1
}
.
We define a function fAr on R
k by fAr (x) = H
k−1 (Br(x) ∩A ∩ pi−11 (pi1(x))) 1A(x). First,
we assume that A is compact.
Claim 7.8. The function fAr is upper semi-continuous. Especially, f
A
r is H
k-measurable
function.
Proof. Let x∞ be a point in A and {xi}i a sequence of points in Rk satisfying xi →
x∞. It suffices to check that lim supi→∞ f
A
r (xi) ≤ fAr (x∞). Without loss of generality, we
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can assume that xj ∈ A for every sufficiently large j. We fix δ > 0. We take a subsequence
{n(i)}i∈N of N such that
lim
j→∞
Hk−1
(
Br(xn(j)) ∩ A ∩ pi−11 (pi1(xn(j)))
)
= lim sup
i→∞
Hk−1
(
Br(xi) ∩A ∩ pi−11 (pi1(xi))
)
.
On the other hand, since a sequence of compact set {Br(xn(j)) ∩ A ∩ pi−11 (pi1(xn(j)))} is
precompact with respect to the Hausdroff distance onRk. Thus, without loss of generality,
we can assume that there exists a compact subset K∞ of Rk such that Br(xn(j)) ∩ A ∩
pi−11 (pi1(xn(j))) converges to K∞ in the sense of Hausdorff distance on R
k. Then, it is easy
to check K∞ ⊂ Br(x∞)∩A∩pi−11 (pi1(x∞)). There exists a finite collection {Bri(yi)}i=1,···,N
such that ri << δ, Br(x∞) ∩ A ∩ pi−11 (pi1(x∞)) ⊂
⋃N
i=1Bri(yi) and∣∣∣∣∣Hk−1(Br(x∞) ∩ A ∩ pi−11 (pi1(x∞))−
N∑
i=1
ωk−1rk−1i
∣∣∣∣∣ < δ.
Since Br(x∞) ∩A ∩ pi−11 (pi1(x∞)) is compact, there exists τ0 > 0 such that Bτ0(Br(x∞) ∩
A ∩ pi−11 (pi1(x∞))) ⊂
⋃N
i=1Bri(yi). Since Br(xn(j)) ∩ A ∩ pi−11 (pi1(xn(j))) ⊂ Bτ0(K∞) for
every sufficiently large j, we have Br(xn(j))∩A∩ pi−11 (pi1(xn(j))) ⊂
⋃N
i=1Bri(yi). Thus, we
have
Hk−1(Br(xn(j)) ∩A ∩ pi−11 (pi1(xn(j))) ≤
N∑
i=1
Hk−1(Br(yi) ∩ pi−11 (pi1(xn(j)))(305)
≤
N∑
i=1
ωk−1rk−1(306)
≤ Hk−1(Br(x∞) ∩A ∩ pi−11 (pi1(x∞))) + δ(307)
for every sufficiently large j. Therefore, we have Claim 7.8.
By Claim 7.8, we have the statement 1 in Claim 3.25. The statement 2 follows from
Lebesgue differentiation theorem on Euclidean spaces. Finally, by Fubini’s theorem, we
have
Hk(A \ sl1 − LebA) =
∫
R
Hk−1(A ∩ {t} ×Rk−1 \ sl1 − LebA)dt = 0.
Thus, we have the statement 3. Therefore, we have Claim 3.25 if A is compact.
We shall give a proof of Claim 3.25 in general case. We fix R > 0. There exists a
sequence of compact sets Ki ⊂ BR(0k) ∩A such that Hk(BR(0k) ∩ A \Ki)→ 0(i→∞).
By the definition, we have sl1 − LebKi ⊂ sl1 − Leb(BR(0k) ∩ A). As an outer measure,
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we have
Hk(BR(0k) ∩ A \ sl1 − Leb(BR(0k) ∩A)) ≤ Hk(BR(0k) ∩A \ sl1 − LebKi)
(308)
≤ Hk(BR(0k) ∩A \Ki) +Hk(Ki \ sl1 − lebKi)(309)
i→∞→ 0(310)
Thus, sl1− leb(BR(0)∩A) is a Hk-measurable set. Since sl1−LebA =
⋃
R>0 sl1−Leb(A∩
BR(0)), we have the statement 1 in Claim 3.25. By Lebesgue differentiation theorem and
Fubini’s theorem, we have statements 2 and 3. Thus, we have Claim 3.25.
7.3 Distributional Laplacian comparison theorem on manifolds
Our aim in this subsection is to state distributional Laplacian comparison theorem on
manifolds we want to use in section 6. It is Corollary 7.18. Throughout this subsection, we
fix a positive number R > 0 and (M,m) be a pointed n-dimensional complete Riemannian
manifold (n ≥ 2). We put C∞(BR(m)) = {f ∈ C0(BR(m)); there exist an open subset U
of M and a smooth function g on U such that BR(m) ⊂ U and g|BR(m) = f}. We define
a linear functional ∆distR rm on C
∞(BR(m)) by
∆distR rm(f) =
∫
BR(m)
〈drm, df〉dvol.
Proposition 7.9. There exists unique Radon measure υsingR,m on BR(m) satisfying the
following properties:
1. A smooth function ∆rm on BR(m) \ (Cm ∪ {m}) is in L1(BR(m)).
2. supp(υsingR,m) ⊂ Cm ∩ BR(m)
3. For every f ∈ C∞(BR(m)), we have
∆distR rm(f) =
∫
BR(m)
f∆rmdvol +
∫
∂BR(m)\Cm
fdvoln−1 +
∫
BR(m)
fdυsingR,x .
4. We have∫
BR(x)
|∆rx|dvol + υsingR,m(BR(x)) + voln−1(∂BR(x) \ Cx) = −2
∫
BR(x)∩{∆rx<0}
∆rx.
Proof. We put SmM = {u ∈ TmM ; |u| = 1} and define t(u) > 0 as the supremum
of t ∈ (0,∞) such that expm su|[0,t] is a minimal geodesic segment from m to expm tu for
u ∈ SmM . We also define a continuous function φR on SmM by φR(u) = min{t(u), R}. We
take a sequence of C∞-functions {φjR}j on SmM and a sequence of open sets Oi ⊂ SmM
satisfying the following properties:
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1. Oi ⊂ Oi+1,
⋃∞
i=1Oi = {u ∈ SmM ; t(u) > R}, φR−j−1 ≤ φjR ≤ φR and φjR(u) < t(u).
2. For every i, there exists l such that φjR|Oi = R for every j ≥ l.
Remark 7.10. There exists {φjR}j and {Oi}i as above. We shall explain it below.
We take a sequence of C∞-functions ψjR on SmM satisfying |ψjR − φR|L∞(SmM) → 0.
Without loss of generality, we can assume that ψjR < φR. We take a sequence of open
subsets Oi of SmM satisfying Oi ⊂ Oi+1 and
⋃∞
i=1Oi = {u ∈ SmM ; t(u) > R}. We put
O = {u ∈ SmM ; t(u) > R}. We take a C∞-function φi on SmM satisfying 0 ≤ φi ≤ 1,
φi|Oi = 1 and suppφi ⊂ Oi+1. We define a C∞-function φi,jR on SxM by φi,jR (u) =
(1 − φi(u))ψjR(u) + φi(u)R. Then, we have φi,jR (u) = ψjR(u) < φR(u) = t(u) for every
u ∈ SmM \ Oi+1. and φi,jR (u) = R for every u ∈ Oi. For every i, there exists j0(i)
such that |ψjR − φR|L∞(SmM) < i−1 for every j ≥ j0(i). We put φiR = φi,j0(i)R . Then,
we have φiR|Oi = R and φiR(u) = (1 − φi(u))ψj0(i)R (u) + φi(u)R ≤ (1 − φi(u))φR(u) +
φi(u)R ≤ (1 − φi(u))φR(u) + φi(u)φR(u) = φR(u) < t(u) for every u ∈ O and φiR(u) =
(1 − φi(u))ψj0(i)R (u) + φi(u)R = (1 − φi(u))ψj0(i)R (u) ≤ ψj0(i)R (u) < φR(u) = t(u) for every
u ∈ SxM \ O. Therefore, we have φiR(u) ≤ φR(u) and φiR(u) < t(u) for every u ∈ SmM .
Since φR|Oi+1 = R, we have |φiR(u)− φR(u)| = |(1 − φi(u))ψj0(i)R (u) + φi(u)R − φR(u)| ≤
(1−φi(u))|φj0(i)R (u)−φR(u)|+φi(u)|R−φR(u)| ≤ i−1 for every u ∈ Oi+1. On the other hand,
since φi|SmM\Oi+1 = 0, by an argument similar to one above, we have |φiR(u)−φR(u)| ≤ i−1
for every u ∈ SmM \ Oi+1. Thus, we get an existence of sequences {φjR}j and {Oi}i as
above.
We define an open subset V jR of M by V
j
R = {expm tu ∈M ; u ∈ SmM, 0 ≤ t < φjR(u)}.
Claim 7.11. We have ∂V jR = {expm tu ∈ M ; u ∈ SmM, t = φjR(u)} for every j
satisfying j−1 < m,Cm.
The proof is as follows. We take w ∈ ∂V jR. By the definition, there exist ui ∈ SxM and
0 ≤ ti < φjR such that wi = expx tiui → w. By the compactness of SmM , we can assume
that there exist t ∈ [0, R] and u ∈ SmM such that ti → t and ui → u. Thus, we have
w = limi→∞ expm tiui = expm tu. Since ti < φ
j
R(ui), we have t ≤ φjR(u) < t(u). Thus, we
have w ∈M \Cx. If t < φjR(u), then by the continuity of φjR, there exists τ > 0 such that
tˆ < φjR(uˆ) for every tˆ and uˆ ∈ SmM satisfying |tˆ − t| < τ and uˆ, u < τ . Thus, we have
expx tu ∈ M \ ∂V jR. This is a contradiction. Therefore, we have φjR(u) ≥ t. Similarly, if
t > φjR(u), by the continuity of φ
j
R, there exists τ > 0 such that φ
j
R(uˆ) < tˆ < t(uˆ) for every
tˆ and uˆ ∈ SmM satisfying |tˆ − t| < τ and uˆ, u < τ . Thus, we have expm tu ∈ M \ ∂V jR.
This is a contradiction. Therefore, we have ∂V jR ⊂ {expm tu ∈ M ; u ∈ SmM, t = φjR(u)}.
On the other hand, for every u ∈ SmM , we take a increasing sequence 0 < ti < φjR(u)
such that ti → φjR(u). Since expm φjR(u)u = limi→∞ expm tiu ∈ V
j
R and exp
−1
m |M\Cm
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gives diffeomorphism to the image, we have expm φ
j
R(u)u ∈ M \ V jR. Especially, we have
expm φ
j
R(u)u ∈ ∂V jR. Therefore, we have Claim 7.11.
It is easy to check that ∂V jR is a compact (n−1)-dimensional C∞-Riemannian subman-
ifold of M and is diffeomorphic to Sn−1 for every j satisfying j−1 < m,Cm. Especially,
V
j
R is a compact n-dimensional C
∞-Riemannian submanifold with C∞-boundary.
Claim 7.12. We have 〈∇rm, Nw〉(w) ≥ 0 for every j satisfying j−1 < m,Cm, and
w ∈ ∂V jR. Here Nw is the unit outer normal vector of V
j
R at w.,
Because, since Nw is outer vector, we have 〈Nw, γ′(0)〉 ≤ 0 for the minimal geodesic γ
from w to m. Thus, we have Claim 7.12.
For every j satisfying j−1 < m,Cm, we define open subsets A
R,j
+ , A
R,j
− of V
j
R by A
R,j
+ =
{w ∈ V jR \ {m}; ∆rm(w) > 0} and AR,j− = {w ∈ V jR \ {m}; ∆rm(w) < 0}.
Claim 7.13. We have∫
AR,j+
∆rmdvol ≤ −
∫
AR,j−
∆rmdvol <∞.
The proof is as follows. We put θ(s, u) = sn−1
√
det(gij |expm su)) for u ∈ SmM and
0 < s < t(u). Here, gij = g(∂/∂xi, ∂/∂xj) for a normal coordinate (x1, x2,··· , xn) around
m. By rescaling, without loss of generality, we can assume that RicM ≥ −(n − 1) on
B100R(x). Then, we have
−
∫
AR,j−
∆rxdvol ≤
∫
BR(x)
(n− 1)cosh x, w
sinh x, w
dvol(311)
=
∫
SmM
∫ min{t(u),R}
0
(n− 1)cosh t
sinh t
θ(t, u)dtdu(312)
≤
∫
SmM
∫ R
0
(n− 1)cosh t
sinh t
sinhn−1 tdtdu(313)
≤
∫
SmM
∫ R
0
(n− 1) cosh t sinhn−2 tdtdu <∞.(314)
Since
∆rm(w) = −n− 1
m,w
+O(m,w)
for every w satisfying that m,w is sufficiently small, we have∫
Bτ (x)
|∆rx|dvol ≤
∫
Bτ (x)
(
n− 1
x, w
+ 1
)
dvol(315)
=
∫
SxM
∫ τ
0
n− 1
t
θ(t, u)dtdu+ volBτ (x)(316)
≤ C(n)
∫
SxM
∫ τ
0
n− 1
t
tn−1dtdu+ volBτ (x)(317)
τ→0→ 0.(318)
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Therefore, we have ∫
V jR
∆rxdvol = lim
τ→0
∫
V jR\Bτ (x)
∆rxdvol.
Thus, by divergence formula and Claim 7.12, we have∫
V jR
∆rxdvol = −
∫
∂V jR
〈∇rx, Nw〉dvoln−1 − lim
τ→0
∫
∂Bτ (x)
〈−∇rx,∇rx〉dvoln−1(319)
= −
∫
∂V jR
〈∇rx, Nw〉dvoln−1 ≤ 0.(320)
Thus, we have ∫
AR,j+
∆rxdvol +
∫
AR,j−
∆rxdvol ≤ 0.
Therefore we have Claim 7.13.
Next claim follows from Claim 7.13 directly:
Claim 7.14. We have∫
V jR
|∆rx|dvol ≤ −2
∫
AR,j−
∆rxdvol <∞.
Especially, ∆rx ∈ L1(BR(x)).
Therefore, for f ∈ C∞(BR(x)), we have
∆distR rm(f) = lim
j→∞,τ→0
∫
V jR\Bτ (m)
〈df, drm〉dvol(321)
= lim
j→∞,τ→0
(∫
V jR\Bτ (m)
f∆rxdvol +
∫
∂V jR
〈drm, Nw〉fdvoln−1(322)
−
∫
∂Bτ (m)
〈drm, drm〉dvoln−1
)
(323)
=
∫
BR(m)
f∆rmdvol + lim
j→∞
∫
∂V jR
〈drm, Nw〉fdvoln−1.(324)
Claim 7.15. For every w ∈M , we have
lim
j→∞
1∂V jR∩∂BR(x)(w) = 1∂BR(x)\Cx(w).
The proof is as follows. We take w ∈M .
1. The case w ∈ ∂BR(m) \ Cx. Then, there exists u ∈ SmM such that R < t(u) and
w = expmRu. By the definition of φ
j
R, we have φ
j
R(u) = R for every sufficiently
large j. Thus, by Claim 7.11, we have w = expx φ
j
R(u)u ∈ ∂V jR. Therefore, we have
limj→∞ 1∂V jR∩∂BR(m)(w) = 1∂BR(m)\Cm(w).
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2. The case w ∈ (M \ (∂BR(m) \Cm))∩ ∂BR(m). Then w ∈ Cx. By Claim 7.11, since
V
j
R ∩ Cx = ∅, we have limj→∞ 1∂V jR∩∂BR(m)(w) = 0 = 1∂BR(m)\Cm(w).
3. The case w ∈ (M\(∂BR(m)\Cm))\∂BR(m). Then, we have w ∈M\(∂V jR∩∂BR(m))
for every j. Especially, limj→∞ 1∂V jR∩∂BR(m)(w) = 0 = 1∂BR(m)\Cm(w).
Thus, we have Claim 7.14.
Then, since 〈∇rm, Nw〉f(w)1∂V jR∩∂BR(m)(w) → f(w) for every w ∈ ∂BR(m) \ Cm, by
dominated convergence theorem, we have
∫
∂V jR∩∂BR(m)
〈∇rm, Nw〉fdvoln−1 =
∫
∂BR(m)\Cm
〈∇rm, Nw〉f(w)1∂V jR∩∂BR(m)(w)dvoln−1
(325)
j→∞→
∫
∂BR(m)\Cm
fdvoln−1.(326)
Therefore, we have
lim
j→∞
∫
∂V jR
〈∇rm, Nw〉f(w)dvoln−1
(327)
= lim
j→∞
(∫
∂V jR∩∂BR(m)
〈∇rm, Nw〉f(w)dvoln−1 +
∫
∂V jR\∂BR(m)
〈∇rm, Nw〉f(w)dvoln−1
)(328)
=
∫
∂BR(m)\Cx
fdvoln−1 + lim
j→∞
∫
∂V jR\∂BR(m)
〈∇rx, Nw〉f(w)dvoln−1.
(329)
We define a linear functional Φ on C∞c (B2R(m)) by
Φ(f) = lim
j→∞
∫
∂V jR\∂BR(m)
〈∇rm, Nw〉f(w)dvoln−1.
By Claim 7.12, if f ≥ 0, then Φ(f) ≥ 0. Therefore, by Riesz’s theorem, there exists a
Radon measure υsingR,m on B2R(m) such that
Φ(f) =
∫
B2R(m)
fdυsingR,m.
for every f ∈ C∞c (B2R(m)).
Claim 7.16. We have supp(υsingR,m) ⊂ BR(m), i.e. for every Borel set A ⊂ B2R(m) \
BR(m), we have υ
sing
R,m(A) = 0.
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The proof is as follows. Since υsingR,x is a Radon measure, without loss of generality, we
can assume that A is compact. We take τ > 0 satisfying τ << min{A,BR(x), A, ∂B2R(x)}.
We also take φ ∈ C∞c (B2R(x)) satisfying φ|A = 1, 0 ≤ φ ≤ 1, suppφ ⊂ Bτ (A). Since
φ|BR(x) = 0, by the definition of Φ, we have Φ(φ) = 0. On the other hand,
υsingR,x (A) ≤
∫
B2R(x)
φdυsingR,x = Φ(φ) = 0.
Thus, we have Claim 7.16.
Since V jR ⊂ BR(m), if f1, f2 ∈ C∞c (B2R(m)) satisfies f1|BR(m) = f2|BR(m), then we have∫
∂V jR\∂BR(m)
〈∇rm, Nw〉f1(w)dvoln−1 =
∫
∂V jR\∂BR(m)
〈∇rm, Nw〉f2(w)dvoln−1
for every j. Especially, we have Φ(f1) = Φ(f2). By the definition, for every f ∈
C∞(BR(m)), there exists F ∈ C∞c (B2R(m)) such that F |BR(m) = f . If we put Φ(f) =
Φ(F ), then, Φ(f) does not depend on the choice of F . Thus for f ∈ C∞(BR(m)), Φ(f)
is well defined, we have,
Φ(f) = Φ(F ) = lim
j→∞
∫
∂V jR\∂BR(m)
〈∇rm, Nw〉F (w)dvoln−1(330)
= lim
j→∞
∫
∂V jR\∂BR(m)
〈∇rm, Nw〉f(w)dvoln−1(331)
and
Φ(f) = Φ(F ) =
∫
B2R(m)
FdυsingR,m =
∫
BR(m)
fdυsingR,m.
Therefore, we have
∆distR rm(f) =
∫
BR(m)
f∆rmdvol +
∫
∂BR(m)\Cm
fdvoln−1 +
∫
BR(m)
fdυsingR,m
for every f ∈ C∞(BR(x)). By taking f = 1 and the definition of ∆distR rm, we have
0 = ∆distR rm(1) =
∫
BR(m)
∆rmdvol + voln−1(∂BR(m) \ Cm) + υsingR,m(BR(m)).
Thus, we have
υsingR,x (Br(x)) = −
∫
BR(x)
∆rxdvol− voln−1(∂BR(x) \ Cx).
Especially, we have
∫
BR(m)
|∆rm|dvol + vol(∂BR(m) \ Cm) + υsingR,m(BR(m)) =
∫
BR(m)
|∆rm|dvol−
∫
BR(m)
∆rmdvol
(332)
= −2
∫
BR(m)∩{∆rm<0}
∆rmdvol.(333)
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Claim 7.17. We have supp(υsingR,m) ⊂ Cm ∩BR(m).
The proos is as follows. First, we shall prove supp(υsingR,m) ⊂ ∂BR(m)∪Cm. It suffices to
check that υsingr,m (A) = 0 for every compact set A ⊂ BR(m) satisfying A∩(∂BR(m)∪Cm) =
∅. We take τ > 0 satisfying τ << A,Cm ∪ ∂BR(m). We also take φ ∈ C∞c (B2R(m))
satisfying 0 ≤ φ ≤ 1, φ|A = 1 and suppφ ⊂ Bτ (A). Then, we have
υsingR,m(A) ≤
∫
B2R(m)
φdυsingR,m = limj→∞
∫
∂V jR\∂BR(m)
〈∇rm, Nw〉φ(w)dvoln−1.
We take j satisfying j−1 < τ
100
, and w ∈ ∂V jR \ ∂BR(m). By Claim 7.11, there exists
u ∈ SxM such that w = expx φjR(u)u. Since φR(u)−j−1 ≤ φjR(u) ≤ φR(u), if φR(u) = t(u),
then, since w,Cm ≤ j−1 < τ100 , we have φ(w) = 0. On the other hand, if φR(u) = R, then,
since w, ∂BR(m) ≤ j−1 < τ100 , we have φ(w) = 0. Therefore, we have φ|∂V jR\∂BR(m) = 0.
Thus, we have υsingr,m (A) = 0. Finally, we shall prove supp(υ
sing
R,m) ⊂ Cm∩BR(m). It suffices
to check that υsingr,m (∂BR(m) \ Cm) = 0. Since Oi is compact, there exists a sequence of
nonincresing sequence τi > 0 such that τi → 0 and t(u) > R+ τi for every u ∈ Oi. We put
Ui = {expm tu; u ∈ Oi, R− τi < t < R+ τi} and Vi = {expm tu; ; u ∈ Oi, R− τi+1/2 < t <
R + τi+1/2}. Since Oi ⊂ Oi+1, we have V i ⊂ Ui+1. We take φi ∈ C∞c (B2R(m)) satisfying
φi|V i = 1, 0 ≤ φi ≤ 1 and suppφi ⊂ Ui+1. We fix i. Then, since Ui∩∂V jR ⊂ Ui∩∂BR(m) for
every sufficiently large j, we have suppφi ∩ (∂V jR \ ∂BR(m)) ⊂ Ui+1∩ (∂V jR \ ∂BR(m)) = ∅
for every sufficiently large j. Thus, we have
υsingR,m(∂BR(m) ∩ Vi) ≤
∫
B2R(m)
φidυ
sing
R,m(334)
= lim
j→∞
∫
∂V jR\∂BR(m)
〈∇rm, Nw〉φi(w)dvoln−1(335)
= 0.(336)
By letting i→∞, we have υsingR,x (∂BR(x) \ Cx) = 0. Therefore, we have Claim 7.17.
Thus, we have the assertion.
The following corollary is used in the proof of Theorem 6.1. See also [4, Theorem 4.1].
Corollary 7.18. Let H be a real number, (M,m) a pointed complete n-dimensional
(n ≥ 2) Riemannian manifold with RicM ≥ (n − 1)H, R a positive number and f a
nonnegative valued Lipschitz function on BR(m). Then, we have∫
BR(m)
〈df, drm〉dvol ≥ −(n− 1)
∫
BR(m)
k′H(m,w)
kH(m,w)
f(w)dvol.
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7.4 Co-area formula for distance functions
In this subsection, we shall give several measure theoretical properties on non-collapsing
Euclidean cones. For example, we will prove co-area formula for distance functions (see
Proposition 7.22). Throughout this subsection, we fix an (n,−1)-Ricci limit space (n ≥ 2)
(Y, y, υ) and assume that the following properties hold:
1. There exists a compact geodesic space X such that diamX ≤ pi and (Y, y) =
(C(X), p).
2. dimHX = n− 1. Here, dimHX is the Hausdorff dimension of X .
Then by [7, Theorem 5.9], there exists C > 0 such that υ = CHn. First, we shall
recall definitions of lower dimensional Hausdorff measures associated to υ and standard
(spherical) Hausdorff measures (see section 2 in [8]). For convenience, we will use the
notaion below: r−αυ(Br(x)) = 0 for every x ∈ Y and α ≥ 0 if r = 0. For α ∈ R≥0, δ > 0
and a set A ⊂ Y , we put
(υ−α)δ(A) = inf
{ ∞∑
i=1
r−αi υ(Bri(xi)); xi ∈ Y, 0 ≤ ri < δ, A ⊂
∞⋃
i=1
Bri(xi)
}
,
(Hα)δ(A) = inf
{ ∞∑
i=1
ωαr
α
i ; xi ∈ Y, 0 ≤ ri < δ, A ⊂
∞⋃
i=1
Bri(xi)
}
and
υ−α(A) = lim
δ→0
(υ−α)δ(A), Hα(A) = lim
δ→0
(Hα)δ(A).
For a subset A ⊂ {1} ×X ⊂ C(X). we also put
(υ−α)X,δ(A) =
{ ∞∑
i=1
r−αi υ(Bri(xi)); xi ∈ {1} ×X, 0 ≤ ri < δ, A ⊂
∞⋃
i=1
Bri(xi)
}
,
(Hα)X,δ(A) =
{ ∞∑
i=1
ωαr
α
i ; xi ∈ {1} ×X, 0 ≤ ri < δ, A ⊂
∞⋃
i=1
Bri(xi)
}
and
(υ−α)X(A) = lim
δ→0
(υ−α)δ(A), HαX(A) = lim
δ→0
(Hα)δ(A).
We remark that υ−α(A) ≤ (υ−α)X(A), Hα(A) ≤ HαX(A) for every subset A ⊂ {1} × X
and that if we define a map φ from (X, dX) → ({1} × X, dC(X)) by φ(x) = (1, x), then
Hn−1(A) = Hn−1X (φ(A)) for every A ⊂ X .
Lemma 7.19. We have υ−1(A) = (υ−1)X(A) for every Borel set A ⊂ X.
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Proof. We fix sufficiently small positive numbers δ,  > 0. By definition, there
exists {Bri(xi)}i such that 0 ≤ ri < δ, xi = (ti, wi) ∈ C(X) = R≥0 × X/{0} × X
and
∣∣(υ1)δ(A)−∑∞i=1 r−1i υ(Bri(xi))∣∣ < . Without loss of generality, we can assume that
Bri(xi) ∩ A 6= ∅ for every i. We put yi = (1, wi) ∈ C(X) and yˆi = (1, wi) ∈ (R ×
X,
√
dR2 + d
2
X). It is easy to check that the map Φi(s, z) = (s, z) from B5ri(xi) to R×X
gives (1±Ψ(δ))-bi-Lipschitz equivalent to the image. Therefore, we have Bri(xi)∩ ({1}×
X) ⊂ B
(1+Ψ(δ))
√
r2i−xi,yi2
(yi). On the other hand, since |ti − 1| ≤ δ, a map Φˆi(t, w) =
(t + ti − 1, w) from B(1+Ψ(δ))ri(yˆi) to C(X) gives (1 ± Ψ(δ))-bi-Lipschitz equivalent to
the image. By Φˆi(yˆi) = xi, we have Image Φˆ ⊂ B(1+Ψ(δ))ri(xi). Therefore, we have
Hn(B(1+Ψ(δ))ri(yi)) ≤ (1 + Ψ(δ))Hn(B(1+Ψ(δ))ri(xi)) ≤ (1 + Ψ(δ))Hn(Bri(xi)). Thus, since
υ = CHn, we have
(υ−1)X,(1+Ψ(δ))δ(A) ≤
∞∑
i=1
((1 + Ψ(δ))ri)
−1CHn(B(1+Ψ(δ))ri(yi))(337)
≤ (1 + Ψ(δ))
∞∑
i=1
r−1i CH
n(Bri(xi))(338)
≤ (1 + Ψ(δ))((υ−1)X,δ(A) + ).(339)
By letting → 0 and δ → 0, we have the assertion.
Similarly, we have the following lemma:
Lemma 7.20. We have Hn−1X (A) = H
n−1(A) for every Borel set A ⊂ {1} ×X.
We shall remark the following: By Bishop-Gromov volume comparison theorem for
υ, there exists V > 1 such that V −1 ≤ limr→0 υ(Br(x))/ωnrn ≤ V for every x ∈ B2(p). On
the other hand, since υ = CHn, we have limr→0 υ(Br((t, w)))/ωnrn = limr→0 υ(Br((s, w)))/ωnrn
for every 0 < s < t <∞ and w ∈ X . By these facts and Corollary 7.4, it is easy to check
that there exists C1 > 1 such that C
−1
1 υ−1(A) ≤ Hn−1(A) ≤ C1υ−1(A) for every Borel
subset A of C(X).
Lemma 7.21. The product measure H1 ×Hn−1 on R×X is equal to Hn.
Proof. It suffices to check that Hn([0, a] × A) = aHn−1(A) for every Borel subset
A os X and a > 0. By Corollary 3.58, there exists a Borel subset Xˆ of X such that the
following properties hold:
1. Hn−1(X \ Xˆ) = 0.
2. For every x ∈ Xˆ and  > 0, there exist rx > 0 such that for every 0 < r < rx, there
exist a compact set Cxr ⊂ Br(x) and a Lipschitz φxr from Cxr to Rn−1 such that
Hn−1(Br(x) \ Cxr )
Hn−1(Br(x))
≤ 
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and that φxr gives (1± )-bi-Lipschitz equivalent to the image.
For every x ∈ Xˆ and  > 0, by Fubini’s theorem, we have
Hn([0, a]× Cxr ) = (1± )Hn([0, a]× φxr(Cxr ))(340)
= (1± )aHn−1(φxr (Cxr ))(341)
= (1± )aHn−1(Cxr )(342)
= (1± )aHn−1(Br(x))(343)
for every sufficiently small r > 0. On the other hand, by the proof of [44, Lemma 5.2],
we have Hn([0, a]× Aˆ) ≤ C(n)aHn−1(Aˆ) for every Aˆ ⊂ X . Thus, we have
lim
r→0
Hn([0, a]×Br(x))
aHn−1(Br(x))
= 1
for every x ∈ Xˆ. Therefore, there exists a Borel set Aˆ ⊂ A such that Hn−1(A \ Aˆ) = 0
lim
r→0
Hn([0, a]×Br(x))
aHn−1(Br(x))
= 1
and
lim
r→0
Hn−1(A ∩Br(x))
Hn−1(Br(x))
= 1
for every x ∈ Aˆ. We remark that Hn([0, a]× (A \ Aˆ)) ≤ C(n)aHn−1(A \ Aˆ) = 0. We fix
a sufficiently small  > 0. By Proposition 2.12, there exists a pairwise disjoint collection
{Bri(xi)}i∈N such that xi ∈ Aˆ, ri < , Aˆ\
⋃N
i=1Bri(xi) ⊂
⋃∞
i=N+1B5ri(xi) for every N ∈ N
and ∣∣∣∣Hn([0, a]× Br(xi))aHn−1(Br(xi)) − 1
∣∣∣∣+
∣∣∣∣Hn−1(A ∩ Br(xi))Hn−1(Br(xi)) − 1
∣∣∣∣ < 
for every 0 < r < ri. We take N satisfying
∑∞
i=N+1H
n−1(Bri(xi)) < . Then, we have
Hn([0, a]× Aˆ) ≤
N∑
i=1
Hn([0, a]× Bri(xi)) +
∞∑
i=N+1
Hn([0, a]× B5ri(xi))(344)
≤
N∑
i=1
Hn([0, a]× Bri(xi)) + aC(n)
∞∑
i=N+1
Hn−1(B5ri(xi))(345)
≤
N∑
i=1
Hn([0, a]× Bri(xi)) + Ψ(;n, a, C1)(346)
≤ a
N∑
i=1
Hn−1(Bri(xi)) + Ψ(;n, a, C1)(347)
≤ a(1 + )(Hn−1(Aˆ) + ) + Ψ(;n, a, C1).(348)
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Therefore, we have
Hn([0, a]× A) ≤ aHn−1(A).
On the other hand, we have
aHn−1(A) = a
(
N∑
i=1
Hn−1(Bri(xi)) + Ψ(;n, C1)
)
≤ (1 + )
N∑
i=1
Hn([0, a]× Bri(xi)) + Ψ(;n, a, C1)
and
Hn([0, a]× (Bri(xi) \ A))
Hn([0, a]× Bri(xi))
≤ C(n)(1 + )aH
n−1(Bri(xi) \ A)
aHn−1(Bri(xi))
≤ Ψ(;n).
Therefore, we have
aHn−1(A) ≤ (1 + )
N∑
i=1
Hn([0, a]× Bri(xi)) + Ψ(;n, a, C1)(349)
≤ (1 + Ψ(;n))
N∑
i=1
Hn
(
([0, a]× Bri(xi)) ∩A
)
+Ψ(;n, a, C1)(350)
≤ (1 + Ψ(;n))Hn([0, a]×A) + Ψ(;n, a, C1).(351)
Therefore, we have
aHn−1(A) ≤ Hn([0, a]× A).
Thus, we have the assertion.
Proposition 7.22 (Co-area formula for distance functions on non-collapsing Eu-
clidean cones). We have ∫
C(X)
fdHn =
∫ ∞
0
∫
∂Bt(p)
fdHn−1dt
for every f ∈ L1(C(X)).
Proof. By [42, Theorem 5.2] and C1υ−1 ≤ Hn−1 ≤ C1υ−1, it suffices to check that
lim
r→0
1
Hn(Br(x))
∫ ∞
0
Hn−1(∂Bt(p) ∩ Br(x))dt = 1
for every x ∈ C(X) \ {p}. We put R = p, x > 0 and fix sufficiently small r > 0. Then,
since a map Φ(t, w) = (t, w) from Br(x) to R×X gives (1±Ψ(r))-bi-Lipschitz equivalent
to the image, we have
B(1−Ψ(r))r(Φ(x)) ⊂ Φ(Br(x)) ⊂ B(1+Ψ(r))r(Φ(x)).
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On the other hand, by Lemma 7.21 and Fubini’s Theorem, we have
Hn
(
B(1+Ψ(r))r(Φ(x))
)
=
∫ R+(1+Ψ(r))r
R−(1+Ψ(r))r
Hn−1
(
({t} ×X) ∩ B(1+Ψ(r))r(Φ(x))
)
dt.
Since Φ(∂Bt(p) ∩Br(x)) ⊂ ({t} ×X) ∩B(1+Ψ(r))r(Φ(x)), we have
Hn
(
B(1+Ψ(r))r(Φ(x))
) ≥ (1−Ψ(r;n)) ∫ R+(1+Ψ(r))r
R−(1+Ψ(r))r
Hn−1(∂Bt(p) ∩Br(x))dt.
Therefore, we have
1 ≥ lim sup
r→0
1
Hn(Br(x))
∫ ∞
0
Hn−1(∂Bt(p) ∩Br(x))dt.
Similarly, we have
1 ≤ lim inf
r→0
1
Hn(Br(x))
∫ ∞
0
Hn−1(∂Bt(p) ∩ Br(x))dt.
Therefore, we have the assertion.
Proposition 7.23. We have υ−1(A) = C(n)CHn−1(A) for every Borel set A ⊂ {1}×
X.
Proof. By [16], we have
lim
r→0
Hn(Br(z))
ωnrn
= 1
for every z ∈ Rn(Y ). Since Rn(Y ) ∩ ({1} ×X) = {1} × Rn−1(X), by Proposition 7.22,
we have Hn−1(X \ Rn−1(X)) = 0. We fix , δ, τ > 0. We put
Aτ =
{
a ∈ A ∩Rn−1(X);
∣∣∣∣Hn(Br(a))ωnrn − 1
∣∣∣∣ <  for every 0 < r ≤ τ
}
.
By the definition of υ−1, there exists {Bri(xi)}i such that xi ∈ Aτ , ri < min{δ, τ} and
|υ−1(Aτ )−
∑∞
i=1 r
−1
i υ(Bri(xi))| < . Thus, we have
(Hn−1)δ(Aτ ) ≤
∞∑
i=1
ωn−1rn−1i(352)
≤
∞∑
i=1
ωn−1
ωn
r−1i (1 + )H
n(Bri(xi))(353)
=
∞∑
i=1
ωn−1
ωn
(1 + )r−1i C
−1υ(Bri(xi))(354)
≤
∞∑
i=1
ωn−1
ωn
(1 + )C−1(υ−1(Aτ ) + ).(355)
By letting δ → 0, τ → 0 and → 0, we have
CHn−1(A) ≤ ωn−1
ωn
υ−1(A).
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Claim 7.24. There exists a Borel subset Z of {1}×X such that Hn−1(({1}×X)\Z) =
0,
lim
r→0
Hn−1(Br(z) ∩ ({1} ×X))
ωn−1rn−1
= 1
for every z ∈ Z.
The proof is as follows. Let x be a point in X and {ri}i a sequence of positive
numbers satisfying ri → 0. We assume that there exists a tangent cone (TxX, 0x) of
X at x such that (X, x, r−1i dX) → (TxX, 0x). By [44, Claim 4.5] and [7, Theorem 5.9],
we have (C(X), r−1i dC(X), (1, x), H
n) → (R × TxX, (0, 0x), Hn). Moreover, By the Hn−1-
rectifiability of TxX (Corollary 3.58) and an argument similar to the proof of Lemma
7.21, we have H1 ×Hn−1 = Hn on R× TxX . Since a sequence of compact sets [−1, 1]×
B
r−1i dX
1 (x) ⊂ C(X) converges to [−1, 1] × B1(0x), by Proposition 2.14 and Proposition
4.13, we have
lim
i→∞
Hn([−1, 1]×Br
−1
i dX
1 (x)) = H
n([−1, 1]× B1(0x)).
By Proposition 7.22, we have Hn([−1, 1] × Br
−1
i dX
1 (x)) = 2H
n−1(B
r−1i dX
1 (x)). Especially,
we have
lim
i→∞
Hn−1(B
r−1i dX
1 (x)) = H
n−1(B1(0x)).
Therefore, if we put Z = Rn(Y ) ∩ ({1} ×X), then we have Claim 7.24.
We put W = Leb(A ∩ Z) with respect to the measure Hn−1. By Proposition 2.12,
there exists a pairwise disjoint collection {Bri(ai)}i such that ai ∈ W , ri < δ/100, W \⋃N
i=1Bri(ai) ⊂
⋃∞
i=N+1B5ri(ai) for every N and∣∣∣∣Hn(Bri(ai))ωnrni − 1
∣∣∣∣+
∣∣∣∣Hn−1(Bri(ai) ∩W )ωn−1rn−1i − 1
∣∣∣∣ < 
for every i. We take N satisfying
∑∞
i=N+1H
n−1(Bri(ai) ∩W ) < . Therefore, we have∑∞
N+1H
n−1(B5ri(ai)∩W ) < Ψ(;n, C1). Then, by the assumption, we have
∑∞
i=N+1 ωn−1r
n−1
i ≤
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Ψ(;n, C1). Therefore, we have
(υ−1)δ(W ) ≤
N∑
i=1
r−1i υ(Bri(ai)) +
∞∑
i=N+1
(5ri)
−1υ(B5ri(ai))(356)
≤
N∑
i=1
r−1i CH
n(Bri(ai)) +
∞∑
i=N+1
C(n)Crn−1i(357)
≤
N∑
i=1
r−1i CH
n(Bri(ai)) + Ψ(;n, C, C1)(358)
≤
N∑
i=1
Cωnr
n−1
i (1 + ) + Ψ(;n, C, C1)(359)
≤ Cωn
ωn−1
(1 + )
N∑
i=1
Hn−1(Bri(ai) ∩W ) + Ψ(;n, C, C1)(360)
≤ Cωn
ωn−1
(1 + )Hn−1(W ) + Ψ(;n, C, C1).(361)
By letting δ → 0 and → 0, we have
υ−1(A) ≤ Cωn
ωn−1
Hn−1(A).
Thus, we have the assertion.
We end this subsection by giving a proof of the following proposition:
Proposition 7.25. We have
Hn−1(Bt(x)) ≤ C(n) t
n−1
sn−1
Hn−1(Bs(x))
for every 0 < s < t ≤ pi and x ∈ X.
Proof. We remark that there exists C2 > 1 such that for every metric space Xˆ, a bi-
Lipschitz map fXˆ(xˆ) = (1, xˆ) from Xˆ to {1}× Xˆ ⊂ C(Xˆ) satisfies LipfXˆ +Lipf−1Xˆ ≤ C2.
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Therefore, by [42, Theorem 5.7] and Proposition 7.22, we have
Hn−1(Bt(x)) ≤ C(n)Hn−1(BC2t(1, x) ∩ ({1} ×X))(362)
= C(n)C−1υ−1(BC2t(1, x) ∩ ({1} ×X))(363)
≤ C(n)υ (Cp(BC2t(1, x) ∩ ({1} ×X)) ∩ Ap(max{0, 1− C2t}, 1))
CvolAp(max{0, 1− C2t}, 1)(364)
≤ C(n)
Ct
υ(B5C2t(1, x))(365)
≤ C(n)
Ct
tn
sn
υ(BC−12 s(1, x))(366)
≤ C(n)t
n−1
sn
∫ 1+C−12 s
max{0,1−C−12 s}
Hn−1(∂Br(p) ∩BC−12 s(1, x))dr(367)
≤ C(n)t
n−1
sn
∫ 1+C−12 s
max{0,1−C−12 s}
rn−1Hn−1(∂B1(p) ∩BC−12 s(1, x))dr(368)
≤ C(n)t
n−1
sn
sHn−1(∂B1(p) ∩ BC−12 s(1, x))(369)
≤ C(n) t
n−1
sn−1
Hn−1(∂B1(p) ∩ BC−12 s(1, x))(370)
≤ C(n) t
n−1
sn−1
Hn−1(Bs(x)).(371)
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